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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [22] in 1965 which began a new revolutionary field in
mathematics. The theory of 2-norm on a linear space was given by Gahler [9]. In 1984 Katsaras [10] gave the notion of
fuzzy norm on a linear space. Several different definitions of fuzzy normed spaces were given by Cheng and Mordeson
[2], Bag and Samanta [1]. R.M.Somasundaram and Thangaraj Beaula [16] defined the notion of 2-fuzzy 2-normed linear
space (F(X),N), further some standard results were established by Thangaraj Beaula and Angeline Gifta by defining the
2-fuzzy normed linear space in [18] Choonkil Park and Cihangir Alaca [4] defined the concept of 2-fuzzy n-normed
linear space. The concept of 2-inner product space was introduced by C.R.Diminnie, S.Gahler and A.White[5]. Further
various authors gave definitions of fuzzy inner product space in [6,13,14] and fuzzy normed linear space[7,8,9,12,15,16].
Vijayabalaji and Thillaigovindan introduced fuzzy n-inner product space in [18] as a generalization of the concept of n-
inner product space given by Y.J.Cho, M.Matic and J.Pecaric in [3]. Further, Vijayabalaji and Thillaigovindan
introduced the notion of Quasi a-n-normed linear space and the concept of ascending family of quasi a-n norms in
[18].Thangaraj Beaula and Angeline Gifta introduced the notion 2 fuzzy inner product space in [20] and introduced the
notion of orthogonality in 2-fuzzy inner product space and proved some standard results in [21]. In this paper the concept
of 2-fuzzy quasi n-n-normed inner product space is introduced and using this a-quasi n-n norms is established and some
certain standard results using orthogonality are proved.

2. PRELIMINARIES
Before proceeding further, in this section let us recall some familiar concepts which will be needed in the sequel.
Definition 2.1 ([20])
A fuzzy set in X is a map from X to [0,1], it is an element of [0,1]*
Definition 2.2 ([17])
Let X be a nonempty and F(X) be the set of all fuzzy sets in X. If f € F(X), f={(x,W)|x € Xand p € (0,1]}. then fisa
bounded function for f(x) € [0,1]. ((i.e) |f(x)| < 1). Let K be the space of real numbers, F(X) is a linear space over the
field K where the addition and scalar multiplication are defined by

f+ g ={(WHy.m}={(x+y,uAn)|(x,u) € fand (y,n) € g}
and k f ={(kf,p)|(x,n)ef,} where keK.

The linear space F(X) is said to be normed space if for every f € F(X), there is associated a non-negative real numbers ||f]|
called the norm of f in such a way that:

(1) |Ifll= 0 if and only if f = 0. For ||f||= 0={||(,WIlI(Xx,n) € f}= 0, ©x =0, p € (0,1]=f =0.

(2) |1l = [KIIIfll, keK. For [[kflI={]IkCx,mlI/(x,1) €f and k € K}={Il|(x,)ll/(x, ) F }=IKII[f]].
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3) lIf + gl < [Ifil + llgl| for every f,g €F(X).

For [If + g|| = /I Hynll/x,y €X,un€(0,1]}
={[|(x+y),(uAn)I/x,y €X,u,n€(0,1]}
<A+ [I(y, AN [/(x, ) EF and (y,n)Eg}= [If]| + [lgl-

Definition2.3 ([18])
Let neN and X be a real linear space of dimension greater than or equal to n. A real valued function ||.,...,.[ on
Xx...xX (n-times) = X" satisfying the following four properties

i) |lxg, ..., x,ll =0ifand only if x4, ..., x,, linearly dependent.

ii) |[xq, ..., x, | is invariant under any permutation

i) lxg, ..., axy || = lalllxy, ..., x|, for any a is real

V) Nx1, s X1, ¥ + 2l S g, e, Xnoq, Y+, o Xmg, 2

is called an n-norm on X and the pair (X,) |, ...,.||) is called n-normed linear space.

Definition 2.4 ([5])
Let F(X") be a linear space over a real field. A fuzzy subset N of F(X™) " x R is called fuzzy
n-n norm if and only if
(Np) forallte R, t<0, N (f,...,f,,t) = 0
(Np) forallte R, t>0, N (f,,....f,,t) = 1lifandonly if fy,....f, are linearly dependent
(N3) N (f,....f,, t) = isinvariant under any permutation of fy,....f;

t
(N,) forallt € R, t> 0, N (Fs....cfy ) = N(fu,...,E a)

(Ns) forall st € R, N (fi,...,f, + f, , s+t) = min {N(f.,....f,,s),N(fs...., f, D)}
(Ng) N (fy,....fo,t) is a non-decreasing function of teR and lim;_,,, N(f1, ..., fn, t)
The (F(X™", N) is called a 2- fuzzy n-n normed linear space.

Definition 2.5 ([20])
Let F(X) be a linear space over the complex field C. The fuzzy subset n defined as a mapping from
F(X) xF(X) xC to [0,1] such that for all f,g,h € F(X) , o € C,

(1) for st € C, n(f+gh, [f| + [S]) = min (e, [t).meah,[S])3

(1)) for st € C, n(f.g, [st)) > min {n(rf, [5|2), n@.o. [112) 3

(I3) fort € C, n(f,0,t) = n(g,f.t)

(1) n(ef.g.9) = n(fg.2), a0

(Is) n(f.fty=0forall te C\R"

(ley n(ffy=1forallt>0ifand only if f=0

(I7) n(f.f,.) : R = 1 (=[0,1]) is a monotonic non-decreasing function of R and lim n(f,f,t) as t— co

Then n is said to be a 2-fuzzy inner product space on F(X) and the pair (F(X), n) is called a 2-fuzzy inner product space.

3. 2-FUZZY N-N HILBERT SPACE
In this section we introduce the satisfactory notion of 2-fuzzy n-n inner product space
as a generalization of Definition 2.5 as follows:

3.1 2-fuzzy n-n Inner Product Space
Let F(X"), be a linear space over C. Define a fuzzy subset n defined as a mapping from
[F(XM]™x C to [0,1] such that (fy.....f,, faer)€ [F(XM)]™! a€ C satisfying the following conditions

(1) for g,h € F(X), steC
N (fi+ g 0, Forfi [+ [S]) = min i (b, ..,

), 1 @ h, for..fis [

(I,) forste C
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0 (£1,9, T ofo, [SY) = min {0 (Fy, Fo B B

(I3) for te C

n (flv g, f27""fnl t|) = n (g: fll f2’~~-afm t|)

(|4) ooy, €C, o;#0,0#0

n (a’lfl’ azfl, f2’~~-afn:t): = n (fll fl, st- . -sfn!

)
0y, a2|
(|5) T](fl,fl’ f2,...,fn,t), = 0 VteC / R+

S|% M @, 9 Fove. o fr,
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{2

n (f,fy, .., ft) =1 vV t> 0 if and only if fy,....f, are linearly dependent.

(le) n(fL,g fo,....1f, t) is invariant under any permutation of (fa,...

(|7) V t> O T](f]_, f]_' fz,...,fn, t) :T] (fz, fz’ f]_, f3’...,fn, t)

n)

(Ig)n(f1,9, fo,..., T, ) is @ monotonic non-decreasing function of C and lim,_,, n (f;, g f5, ..., f,,t) =1
Then n is said to be the 2- fuzzy n-n inner product F(X)" and the pair (F(X)" ,n) is called 2 - fuzzy n-n

IPS.

Example 3.2

Consider the mapping f: S" —[0,1] where S" in a n-dimensional unit sphere defined as

f(xl,...,xn) = |1 - (xlz +-t xnz)l
Let us define n- dimensional unit sphere, defined as

f.g f.f, .01

<t gt g = |f,.0 f0f,
f.g f.f, ..ff

where f; g represents the usual innerproduct between two functions defined as
f.g= [f.(x) g(x)dx , where x = (x1,..., xy,).
With this .innerproduct (F(X"), <..,...,..>) is an n-n IPS. By considering,
t
n(fug f.ft) =9 |t+<f,g,f,,....f >
0 whent € C\R*
the space (F(X"), n) is a 2-fuzzy n-n IPS

whent >0

Definition 3.3
Every 2-fuzzy n-n complex Banach space is a 2-fuzzy n-n Hilbert space

Theorem 3.4

A closed convex subset C of a 2- fuzzy n-n Hilbert space F(X") contains a unique vector of smallest norm.

Proof

Let f, g € F(X") the 2-fuzzy n-n Hilbert space where f = (f,,f,,....f;) and g = (91.0,...,&n)

Since C is convex,
A{Af+(1- 2)g} > min { C(f),C(g)}
Letd = inf{t: n(fy,f,fo....00t) > a}
Then there exists a sequence {f,} in C such that {f,} converges to d.
(i.e) n(fpfofo.. . fh0,d) =1
N+, fot o fo,. .ty S+ > min { n(f, fo i, fo,. . 1, S), n(fn fit i fo,. .6
> min{ min{ n(f,,f,,f2,...,f,50), n(fp,fns ..., F,52) 1
min{n(fm,fo fo,. . . t1), (s frnFon. . T t2) 33

>min{ min{d,d}, min{ n(f,,fn,fo,....f,52), N(fn, . T2 ... T, 1) 13

T](fn+fm,fn+fm,f2,. . .,fn, S+t) > min {d, T](fm,fn,fz,. . .,fn,51+t1)}
=d
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hence {f,} is a Cauchy sequence in C. As C is a closed subspace of a Hilbert space F(X"), C is complete, {f,} converges
to some f. (i.e), n(f,— f, f.— T ,fy,... T, ) = LIt follows that, lim n(f,— f, f.— f f,,...f,, ) =1
Consider,
n(fy— d+d—f, f.— d+d—f ,f,,... f,, ) > min{ n(f— d, f— d ,fp,....f, t), n(d—f, d—f F,,.. £, )}
>min{l, n(d—f, d—f f,... 1, )}
Therefore
n(f- ', fo- £ fo,.. 0 1) = 1> n(d-f, d— T ,fy,.. £, t), which is impossible
and so n(d—f, d—f f,,...f,, t) = 1, which establishes that f has the smallest norm.
To prove the uniqueness of f, suppose '€ C such that n(f’, f',f,,....f,, d) =1

Consider,

n(f=f', f= ', fp,.. ,f, ) > min{ n(f, f,f5,....5,10), n(f', f' f,.... 5 O}
>min{1,1}
>1

n(f-f', f-f'f,,...f,,t) > 1, which is impossible, hence n(f-f', f- f',f,,...,f,, t) = 1.Thus there exists a unique f with the
smallest norm <d’.

Theorem 3.5

2
IF An[(Fu oy T dn) 8 = 5 QU 2= £, o o]

. cor . s 2
+illfy +iff, o, Gulla—il|f- 6], o B3,

then n is a 2-fuzzy inner product on F(X").
Proof
Dn(frg, hylt] + |sD) =n((f; + f1, ..., )b, [t] + [s])

2 mln{ ﬂ((fl, L fn)!h! |t|): T]((f{: L fn),h,|S|)}
hence,

n(f+g, hltl + [s]) = min{ n(£h, |t]), n(g.h, |s])

2) To prove, (f,g, [stl) > min{ n(£.£,|s|*), n(g.g,ItI*)}
n(fogo IStI) = n((fp i fn)i(fllv ---vfn)7 IStI)
1 ’ ’ 2 . el H el 2 H

:Z{ "fl +fll'--'fn”é-‘-”fl_fll"'an”a +|||f1 +1f11'--lfnllg_I||f1_lf11'-')fn||a T (I)
Consider
min{ n(£.£,]s]?), n(g.&.[t1*)}

. 2 . . . . 2

= mln{%{ "fl + fll ey fn”é-‘-”fl_ fll ey fn”a:-‘-lllfl + lfll ey fn“éi I||f1_lfll "'lfn”a}l

LN+ e BB By, A 4 867, e, 12 | 18] e, 623

= min[{inf{teRm(fy + £y, £y + fy, ..., £, t) = a}+ infERm(Ey + ify, fy + ify, .., £, 1) > 0}
+infteRm(fy- ify, fy- ify, .., f, D20} {INFLERM(E] + £, £ + £, .., £,0)20))
+inf{teRm(f] + if], f] + if;, ..., f,,t)=a)}+ inf{teRm(f] - if], f{- if], ..., £,,)>a)}}]

= min[{inf{teRm(f, + fy, £y + i, .., £, 0+ inf{tERM(Ey + 1, fy +fy, .., F, >0 }
+ {InFQERM(E] + £, f] + ], .., £.0=@)}+ inf{teRM(E] + £, £ + £, .., £.0=0)} }]

=2lfy + fr, o B lIGH20E + £ L Blle - (i)

From (i) and (ii),
n(f.g, Ist]) = min{ n(f,£,|s|?), n(g.g..[tI*)}

3N 1) =2 (s + 6y, Bl 2| i e, B | Hi1Ey + 867, o, B2 [ 6, o, ][
= O+ By, B2 o, | HNE + 5, e, B 12 6 o, 3
=n(e.f [tl)
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4) To prove n(of.og, |t)) = n(f.g(5z )
n(of,og, |t[)
_1 , 2 , 2. . 2 . 2
= ey + ), o, B2+ {lafi= ), oo B[]+ illCEy + 86D, oo, Bl ifl@(Fu= 6, o, [ 3
= i{inf{tER:n(a(fl + ), alfy +£]), ..., £, ) > a}+ infteRm(a(f,~£)), a(fy- 1), ..., £, ) > @}
+inf{teRm(a(f; + if]), a(f; +if}), ..., £, t) > ot inf{teRm(a(f; - if)), a(f;-if]), ..., f, t) > a}}
= LinfteRm(fy + £, £y + £ ., £, 75) > o} + inf{teRm(fy- £, £ £}, ., £ ) > 0}
+Hnf{teRn(f, + if}, f, + if], ..., fn,#) > b+ inf{teRin(f, - if}, £, - if}, ..., fn,m%) >all
Sothat, n(afag, |t) = n(fe. )
S)yn(f,ft) =0 for all teC\R*
6) N(ELD) = 1= [[fy + o, Byl ZH{|Fy= £, o, Bl HiIlEy + 16, o, By 12— 1| =, e, =1
= || lI%=0
(ie) fy f],....f, are linearly dependent

7) n(f,f,..) : R = 1 (=[0,1) is a monotonic non decreasing function of R and lim n(f,f,;t)=1 as t— oo
Hence 1 is a 2-fuzzy inner product.

Theorem 3.6
Let M be a closed linear subspace of [F(X"), n]. Let f does not belong to M. Let ‘d’ be the distance from
f to M. Then there exists a unique goin M such that n(f-go, —o.....fn, d) =1.
Proof
Let C =f + M, the space C is closed, convex and let d be the distance of origin 0 to C. We know that there exists a
unique foin C such that, n(fy, fo,....f, d)=1.
Suppose f—fy =go€ M
We n(f-go, 0o, ...,fn, d) =n(fo, fo,...,fn, d) =1. Now to prove that this go is unique.
Suppose there exists a g, € M, such that g; # g and n(f-gy, 0s,...,f,, d) =1. Then f—g, = f; is an element in C such
that f, # foand n(fy, fy,....f, d) =1 which is a contradiction to the uniqueness of f, Hence gy is unique.

Theorem 3.7
If M is a proper closed linear subspace of [F(X"), n] then there exists a fysuch that
n(fo, fo,....fn, t) =1 in F(X") such that fo L M
Proof
Let f does not belong to M. Let ‘d” be the distance of f to M, there exists a unique goin M such that
n(f—go, 0o, ...,fn, d) =1. Define f, = f—gq i, Such a way that n(fy, fo,...,fn, d) =1. Let g € M to assert that
foL g. For some scalar a,
n(fo-ag, fo—ag,....fr,0) =n(f-go — ag, f~go—g,....f 1)
=n(f= (9o +0g), = (Go+g).-...fn 1)
>n(fo, fo,. ... ,d) sinced <t
It follows that n(fo—ag, fo—ag,...,f,,t) — n(fy, fo,....f,d) >0
=> sup {min[n(fy, fo—ag,...,fn ,ty), n(ag, fo—og,....f, )1} —nf, fo,....fr,d) >0

ty+ty=t
=> sup {min{ sup {min[n(fy, fo,...,fn, t3), n(fo, ag,....fr, tu)1}
t1+ty=t t3+ty=tg
sup {min[n(og, fo,....f;y, ts), n(ag,ag,....f, ts)}} — nfo, fo,....fH,d) >0
tg+tg=ty
=> sup {min{ n(fy, ag,....fy, ty), n(oag, fy,....f1, ts)}}>0
t1+ty=t
=> sup {min{n(fy, g,....f ’|ta_4|)’ n(g, fo,....fn ,l%sl)}} which is either equal to 0 or 1
ty+ty=t
The last inequality holds for

tay_ (0 t<0
n(fo, g""’f”’lal)_{l t>0

5y _{0t<0
n(g: fO 7'-°7fn!|a|) - {1 t> 0
By definition it follows immediately that f, L g.
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Theorem 3.8
If M and N are closed linear subspaces of [F(X"), ] such that ML N, then the linear subspace M+N is also closed.
Proof
Let a be the limit point of M+N.The aim is to show that a € M+N.Automatically there exists a sequence
{ax}€ M+N such that a — a. Since M L N, each a, can be written as a, = f; +g, where
fx € M and gy € N. By using Pythogorean theorem,
n(ak-ar, ag-ay, ..., an,t) = N(f +8x —(f+81), fi +8x —(f+81),.... T +8n 1)
=n(fi—f +8x 81, k{1 +8x 815+, i +8n 1)
=n(fi—f, fie—fp... 5 )% N(8k-81, Bk 81>+ 8n 1)
So { fx } and { gy } are Cauchy sequences in M and N. M and N are closed and therefore complete.
so there exists f in M and g in N such that f, — fand g, — g.
Therefore,
a=limay

k—oo
= ,lim (fx +8x)
~ AT e
=f +g
then f+g € M+N and so M+N is closed.

Theorem 3.9

If M and M+ are closed linear subspaces of [F(X"), n], then [F(X"), n] = M®M*

Proof

Let M and M+ be the closed linear subspaces of [F(X"), n]. We know that M+M<' is also a closed linear subspace
of [F(X"), n]. Now to prove that [F(X"), n] = M@M*

Assume [F(X"), n] = M+M* | there exists a goin M+M+* such that go L (M+M*)

=>goeM* n M+t which is not possible.

Therefore [F(X"), n] = M+M+
Since M and M+ are disjoint, [F(X"), n] = M+M+ can be strengthened to M@M+.

4. 2-FUZZY N-N QUASI INNER PRODUCT SPACE
As a consequence of Definition 3.1 we introduce the notion of ascending family of a-quasi n-n on F (X") corresponding
to fuzzy quasi n-n inner products.
Definition 4.1
Let F(X"), be a linear space over C,a fuzzy subset 1 defined as a mapping from [F(X")]™" x C to [0,1] such that (f,,....f,,
fr)€ [F(X")]™ with o € C satisfying the following conditions.
(1) forg,h € F(x), and s,t € C
n (fit g, h, .., It] + [s]) = min {n (f1,h, f,,.. £, [t]), n (g, h, Ta,.... TS}

(1) forst e C
{n (fu9, oo, Istl) = min {n (fy, f ©o... 6, [S12), 1 (9, 9, for. .6 (612}
(Is) for teC
n (f, 9 o, f, [t]) = (0, f1, BB, [ED)
(1) a0, €C ,a;#0,00#0
t

n (Otlfl, 0(2":1Y fz,. ..,fn,t), =n (fl, fl, fz,. . .,fn,Tlp) where 0 < p <1
142

|
(Is) n(f,fy f5,..., 1), =0 Vte C/R"
n (f.fy, ..., fY) =1 vV t> 0 if and only if fy,....f, are linearly dependent.
(Ie) n(fr,0, fa,.... 1, t) is invariant under any permutation of (fa,...,f;)
(1)) ¥V t>0 n(fy, fy, .. .6, ) = (o, Fo, i, 3.6, 1)
(Ig)n(f1,9, fo,...,fh, t) is @ monotonic non decreasing function of C and lim,_, ., n (f;, g f5, ..., f,, 1) =1
is said to be the 2- fuzzy n-n quasi inner product and (F(X"),n) is called a 2 - fuzzy n-n quasi IPS.
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Theorem 4.2
Let (F(X"),n) be a 2-fuzzy n-n quasi IPS satisfying the condition that, n(f, f.,f,....f, t2) > 0 when t > 0 implies f,,f,.....f,
are linearly dependent. Then for all o €(0,1] ,|Ify, ..., f, |l o= inf{tn(f fi,f,....f, ) > a} is an ascending family of real

numbers, the quasi n-n norms on F (X"). These quasi n-n norms are called the a-quasi n-n norms on F (X")

corresponding to fuzzy quasi n-n inner products.
Proof
1) ”fll T fn”a:O
=> inf{tm(f,f,f,.. ., ?) > a}=0
=>forallteR, t>0 , n(f frf....f, £)>a>0
=>f,, ..., f,, are linearly dependent.
Conversely assume that fy,....f, are linearly dependent then n(f, fy,fo,...,f, t?)=1forallt>0
implies that for all a€(0,1) , inf{t:n(f f,,... L, t2) > a}=0 .Therefore , ||f;, ..., f, ||, =0

2) As n(f f,fo,..f, 1) is invariant under any permutation it follows that ||f;, ..., f, |, is invariant under any
permutation.

3) For all a€F, 0 <p <1, |[cfy, ..., |l = inf{sm(cfy cfy,fy.. £, 7)) > a}

52

=inf{tm(fy, f1,fo.. .5, —=) > a}

lle21IP
S

Let t= B then ||cfy, ..., full, = inf{t|c|?m(cfy, cfy,fo.. f £2) > al
= |c|P inf{t:m(cfy cfy,fo,... 0, ) >0}
= |C|p||f1:---rfn“a

) NIy, o, B ll gt IEL, oovs £ollg = inf{tm(FL o, 6 £)>a}+ inf{sm(f] £} fo....f, $2) > a}
= inf{t+s: n(f ... f, 2)>0, (] ] ... f, $°) > a}
> inf{t+s: n(f, + f; £, +f] fo,..f, §°) > a}
=Ify + £ fulle
hence |If; + 1, ..., flle <fy, o) ErlloIEL oo Brll
Thus {II.,., ..., llg, & € (0,1)} is a quasi a-n-n norm on F(X").
LetO<oy<op<1,then Iy, ..., full,, = infltm(fufyfo.. 6 ) >y}
Wfy s fulle, = infitm(fufyfo.. g ) > ap}
As oy < 0y {tn(f ffo... 10 t2) > oy} {tm(fy f1,fo.. 1, t2) >0y}
= inf{tm(f fr,f.... 6 ) > a,} > inf{tm(ff b, ) >y}
=> ||f1, ---vfn”azz ”fl' R fn"a1
Therefore {|I., ., ...,.|l¢| @ € (0,1)} is an ascending family of quasi a-n-n norms on F(X").

Theorem 4.3
Let{|.,.,...,. llo /o € (0,1)} be an ascending family of quasi norms corresponding to
(F(X™),n). Now define a function, 0" : [F(X")]""xR- [0,1] by,

sup{ae(0,1):|f,,..., f,[<t,whenf,..., f, are linearly independent
0 otherwise

Then (F(X"),n’) is a 2-fuzzy quasi n-n IPS
Proof
Consider the following two lemmas
Lemma 1
If (F(X"),n) be a 2-fuzzy n-n IPS satisfying all the conditions and {||., ., ..., . ||+, @€(0,1)} be an ascending family of
a- n-n norms on F(X") defined as,
I, o, £ ll o= inf{t: n(FyFyFo,.. . f, £2) > a} for all a€(0,1) - (1)
Then for gy,...,g, EF(X"), n(g1, 91, -»&n. 1181, > gnll% ) > o for all a€(0,1)
Proof
According to (1), suppose |lgy, ..., gnll5 = A, then A > 0 it asserts that there exists a sequence
{a,}, a, > 0, such that n(gy, g1 ....gn a,>) > a and a, converges to A.

n,(fl,flist' . ->fn, tz ): {
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Hence limy,_,c, N(g1, &1, > En» 32)=N(81, 1, --+» En» lim a?) > o =>n(gy, O1....,&n A) > a which implies that (g,
n—oo

O1..&n g1, -rr Enll2) > a for all a€(0,1).

Lemma 2

If (F(X"),n) be a 2-fuzzy n-n IPS satisfying all the conditions and {]|., ., ..., . ||./0€(0,1)} be an ascending family of
a- n-n norms on F(X") defined as,

Iy, o, £ ll o= inf{t: n(Fyfy,Fo.. . f, £2) > a} for all a €(0,1)
then for gy,...,g, € F(X"),a € (0,1) and a’ > 0 € R, ||gy, ..., gnll .= @’ if and only if

n(g1, 9, -»8n, a%)=a

Proof
Let a € (0,1), and a'= |gy, ..., 8 llo= inf{s: n(gy, G1.....&n, S°) > o, there exists a sequence {s,} such that, s, — a'.
limn(g, G1.....8n,Sn°) = @ =N(g, G1.--. liM s,°) > @

=n(gy O1.-..gna"%) > a

S0, M(&1, 1. -2, a"%) = @ --- (i)

Also (g1, O1.---gna'”) <N(g1, Gr,- -8 8°) if (g1, G1..- g0 $°) > a for all a€(0,1),
Assume n(gy, gi...,g, a'%) > a, by continuity and since n(gy, g;...) is strictly increasing at a’, there exists a’’< a’
such that n(gy, g1....,g, @"'%) > o which is impossible for a’= inf{s: n(gy, gy....,n, 5°) > 0}

Thus 1(gs, Gs,...gn a"°) < o === (i)

from (i)and(ii), n(gs, Gy....gn %) = o, (i.e) a'= llgy, ..., gl implies (g, Gi.....gn a"2) = o = (iii)
If (g1, 91....,2n, a"2) = a for all o €(0,1), by definition,

g1, ) gnlle= inf{s: N(gr, O ...,gn 5°) > a} =a’ - (iv), from (iii) and (iv) for g,,....g, € F(X"),
a€(0,1)anda’ >0 €R, ||gy, ..., gnll,= ' ifand only if n(gy, G1.....gn a"°) = a
Now to the proof of the theorem,

Letn’: [F(X")]"*XR - [0,1] and n(gy, 91....,2n, $°) = 0o, CONSider,

lgs, - r 8nlle= inf{s: n(gy, G ....gn 8°) > a} for all a€(0,1)

And 0’(g1, O1....,€0. 5°) = sup{a€(0,1)| ||g1, ..., gnll« < S} Where s > 0.
Consider the following cases,

Case (i)

s<0Oandgy,..,g, are linearly dependent ,

(g g1 &n,5°) =1 and n'(gy, Gs.-..gn, 5°) =1,

S0, (g1, G-, 5 ) =N'(01, Gn,---,8n, S°)

Case (i)

s>0andg,, ..., g, are linearly dependent

(g 91, €n,5°) =1 and n' (g, O1.....80, 5°) = 1,

S0, (g1, G180, ) =1'(G1, Gn,---,8n, S°)

Case (iii)

s<0andgy, .., g, are linearly dependent

(g 91, +€n,5°) =1 and n' (g, G1.....80, 5°) = 1,

S0, (g1, G180, ) =1'(G1, Gn,---,8n, S°)

Case (iv)

g1, ..., 8n are not linearly dependent, s > 0 and n(gy, 91 ...,2,, 5°) = 0

By lemma 1, n(gy, 91.....&n 181, ---» gnll% ) > a for all a€(0,1),

since 1(gy, 1 ...,€n 5°) = 0 < av it follows that s < ||gy, ..., 8 |l for all o> 0
50, '(91, G20, 8°) = sup{a€(0,1)] llgy, -, 8ullo <5}

=sup @
=0

SO (g1, G180 5°) =1 (0, G120, 5°)

Case (V)

g1, ..., 8 are not linearly dependent, 0 < n(gy, 9y ...,8, 8°) < 1

Then let, n(g, G1....,8,, 5°) = 0g, 0 < ap< 1

Now n/(fy, fy.....f, £2) = sup{a € (0,1)| |Ify, ..., £, | ¢ < t} when t >0 - (i)
And |If, ..., fyll,= inf{t: n(ffy, .. £, ) > a} forall o € (0,1) - (ii)
Since, N(gy, Gu....,80 S°) = 0, then from (ii), llgy, ..., 8nllq < S - (iii)

Using (iii) and from (1), 0’ (91, 91.....gn $*) > o

which implies, 1’ (91, G1.....gn, 8%) > N(g1, G1....,€n. 8°) - (iV)
From lemma 2, if and only if n(gy, 9s.....g, 5°) = ag if and only if ||gy, ..., g, ll«= S
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For 1 >a>aglet [|gy, ..., gnllo=a" thena’ >s
By lemma 2, 1(gy, 91.....gna'%) = o
50,0=1(g, G1,.-.8n, 8°2) = &> 0= (g1, G1,..-,&n, 5 ),
Since 1(g1, 91.) is strictly increasing in H = {s: n(gy, G1.....2,. 8°) > a} , a€ (0,1)
a’,s € Hand n(gy, 91.---,8n, a'%)> n(gw, 91.---»8n, s?) implies a’ > §°

For 1> 0> agllgy, .-, 8nlle=a’ > 0o and we get n'(gy, Gs.....8n,5°) < Go="N(g1, G121, 5°) == (V)
from (vi) and (v), n°(g1, G-, $°) = (g1, Gu.-.-,&n, )
Case(vi)

g1, -, &y, are not linearly dependent and n(gy, g; ...,g, 5°) =1
n'(f, fy.. f, £2) = sup{a€(0,1)| |If;, ..., fullo <t} Whent>0

I, oo, Eullq = inf{t: n(Fyfy,Fo.. . fy £2) >} forall a € (0,1)

It follows that ||gy, ..., gnllo < S for all a € (0,1)
which implies 1°(g1, 9,80, 5°) =1,50 1’ (@1, G- .80, 5*) = N(81, G1..--,&n.S°)
Thus [F(X"), n’] is a 2-fuzzy quasi n-n IPS

5. CONCLUSION
In this paper we consider the notion of 2-fuzzy inner product space introduced by Thangaraj Beaula and
R.A.S.Gifta [20] and develop the concept of 2-fuzzy n-n inner product space as a generalization.. As a consequence
we introduce the notion of 2-fuzzy quasi n-n inner product space and establish certain results regarding these
concepts.
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