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ABSTRACT—The paper presents a grid form of the Jouannaud-
Lescanne set-based multiset ordering, otherwise known as the grid-
based set-based multiset ordering. A relatively more applicable defi-
nition of multiset ordering is presented. The grid approach has been
used in this paper to prove some assertions, the pair-wise equality
theorem for multisets, in particular.
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1. Introduction

Since the appearance of a fundamental work of Dershowitz and Manna [1],
various ramifications of multiset orderings have appeared ([2],[3], just to mention
a few). The main objective of this paper is to present an extension of set-based
multiset ordering of Jouannaud and Lescanne [3].

Intuitively, similar to the manner in which reference lines on a map are used
in finding specific points, the elements of a multiset can be referenced by a grid.
A grid can be viewed as representing a multiset partition. Each element (in this
case, set) of the partition represents a reference on the grid. We introduce the
concept of difference grid of two multisets in which some references are allowed
to be empty. We thereafter define multiset ordering based on difference grid.
As some references may be empty, the approach can be seen as an extension of
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the method used by Jouannaud and Lescanne [3] in which each set in the par-
tition contains at least one element of the partitioned multiset. The flexibility
potential of the approach is demonstrated in the proofs of a number of results.
In particular, the pair-wise equality theorem for multisets is proved.

2. Preliminaries

Definition 1. Multiset

A multiset (mset, for short) is an unordered collection of objects, in which,
unlike a set, multiple occurrences of objects are admitted. Formally, a multiset
M, built upon a set S (called a domain set of M), is a mapping M : S Ñ N, the
set of all non-negative integers. Mpxq denotes the number of occurrences of x
in M. The empty multiset over S, defined Mpxq “ 0 @x P S, is denoted by H.
An object x is a member of M if Mpxq ą 0. Each individual occurrence of x in
M is called an element of M. The set of all finite multisets built upon a domain
set S is denoted by MpSq. It follows that a set is a multiset M if Mpxq “ 1
for each x P S. The cardinality of a multiset, denoted |M |, is the sum of the
multiplicities of all the objects in M . We shall assume all the multisets dealt
with to be finite. ([4], for some further details).

Definition 2. Equality of multisets

Let E be a domain set of multsets M and N . Then M “ N if and only if
Mpxq “ Npxq for all x P E.

Definition 3. Order relation

Let S be a set and R be a relation on S. R is a quasi-order (or pre-order) if
it is reflexive and transitive; a proper (or strict) order if it is irreflexive and tran-
sitive; a partial order (or simply an order) if it is reflexive, antisymmetric and
transitive; a total order if it is a partial order and connected (or determinate). A
strict order is also called a strict partial order to distinguish it from a total order.

Definition 4. Set ordering

We define set ordering as follows: A set S is greater than a set T (written
S Ï T ) if and only if @x P T zS, Dy P SzT such that y ą x.

Assume, in the following examples, that alphabets represent incomparable el-
ements while numbers represent comparable elements. Assume also that the
alphabets are incomparable to the numbers. By this definition, the following
relations hold:

(a) t4u Ï t3, 2, 1, 0u
(b) ta, b, cu Ï ta, bu
(c) t3, 2, a, b, cu Ï t3, a, b, cu
(d) t4, a, b, cu Ï t3, 2, a, b, cu

It can be verified that the set ordering so defined is a partial ordering.
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Definition 5. Incomparability relation [3]

Let ď be a partial ordering on a set S. We write x # y to mean the following:

␣px ă y or y ă x or x “ yq (1)

read as “x and y are incomparable under ‘ď’”for some elements x and y of S.
Moreover, if there exists incomparable sets U and V , that is ␣pU Î V or V Î U
or U “ V q, then we write U # V . Furthermore, we write U ␣Î V to mean U
is not less than V . The same operators are valid for multisets. Consider now
the following result.

Lemma 1. Let the relation S # T hold for sets S and T . Then there exist
incomparable elements x and y such that x P SzT, y P T and there exist incom-
parable elements v and w such that v P T zS and w P S.

Proof. Given that S and T are sets such that S # T holds. By Definition 5,
S ␣Î T, T ␣Î S and S ‰ T . Since S ␣Î T , by Definition 4 S Ę T and
Ey P T such that y ą x @x P SzT . It follows that Dx P SzT such that x ą y,
x “ y or x # y for some y P T . If x ą y @x P SzT , then T Î SzT . This
implies T Y pS X T q Î SzT Y pS X T q, which implies T Î S; and this is a
contradiction of S # T . Therefore, the statement Dx P SzT such that x “ y for
some y P T or the statement Dx P SzT such that x # y for some y P T , holds. If
x “ y @x P SzT , then SzT Ď T , which implies S Ď T . Again, this contradicts
S # T . Therefore Dx P SzT such that x # y. Similarly since T ␣Î S, there
exists incomparable elements v and w such that v P T zS and w P S.

Definition 6. The Dershowitz-Manna definition of multiset ordering [1]

Let S be a domain set of multisets M and N . M Î N if there exist two
multisets X and Y in MpSq satisfying

(i) H ‰ X Ď N ,
(ii) M “ pN\X) ` Y , and
(iii) p@y P Y qpDx P Xqry ă xs.

In other words, M Î N if M is obtained from N by removing none or at least
one element (those in X) from N , and replacing each such element x by zero
or any finite number of elements (those in Y ), each of which is strictly less
than (in the ordering ă) one of the elements x that have been removed. In-
formally, we say that M is smaller than N in this case. Similarly, Ï on MpSq
can be defined. For example, let S “ pt0, 1, 2, ...u “ ℵq. Then, under the cor-
responding multiset ordering Î over ℵ, each of the following multisets r3, 4s,
r3, 2, 2, 1, 1, 1, 4, 0s and r3, 3, 3, 3, 2, 2s is less than the multiset r3, 3, 4, 0s. The
empty multiset H is smaller than any multiset. It is also easy to see that for
all y in N, if rDx P M ^ x ą ys, then M Ï N . We shall denote this ordering
by ÎDM. See [3] and [5] for various ramifications of the Dershowitz-Manna
Ordering.
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Definition 7. The Huet-Oppen definition of multiset ordering [2]

Let M and N be multisets over a domain set S, then
M Î N if and only if
M ‰ N & rMpxq ą Npxq ùñ pDy P S, x ă y & Mpyq ă Npyqqs.

We shall denote this ordering by ÎHO.

Definition 8. The Jouannaud-Lescanne set-based multiset ordering [3]

Let M be a multiset over a domain set S. M “ tMi, i “ 1, 2, ..., pu is the
set-based partition of M in lexicographical order if and only if the following
properties are satisfied:

(i) Mipxq ď 1,
(ii) x PMi and y PMi ùñ x and y are incomparable and
(iii) @i P r2, ..., ps, x PMi ùñ Dy PMi´1 such that x ď y.

Let M and N be multisets over a domain set S, and let M and N be the re-
spective set-based partitions of M and N in lexicographical order, then M Î N
if and only if M is lexicographically less than N . We shall denote this ordering
by ÎJL.

3. The grid of a partially ordered multiset

Let us consider the following diagrammatic representation of a multiset:

 

b1 h1 
c3 a8 e1 

f3 a3 a8 a8 
b5 d4 

f3 c5 e3 g6 a8 

d7 

b5 

b4 

a5 

d9 

c5 

c2 

b3 b4 

a1 e9 

a5 

c3 

b4 

a2 

a1 

b2 

�	 =	

Suppose that the elements of M are ordered as follows:
(i) ai`1 ă ai, bi`1 ă bi, ci`1 ă ci, di`1 ă di, ei`1 ă ei, fi`1 ă fi,

gi`1 ă gi and hi`1 ă hi.
(ii) Elements with different letterings are incomparable.
(iii) Elements with the same lettering and index are equal.

Consider the following monotonically non-increasing sequences of elements of
M :
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a1 “ a1 ą a2 ą a3 ą a5 “ a5 ą a8 “ a8 “ a8 “ a8,
b1 ą b2 ą b3 ą b4 “ b4 “ b4 ą b5 “ b5,
c2 ą c3 “ c3 ą c5 “ c5,
d4 ą d7 ą d9,
e1 ą e3 ą e9,
f3 “ f3,
g6,
h1.
Let Gi be the set of all the ith elements from the sequences. Thus,

G1 “ ta1, b1, c2, d4, e1, f3, g6, h1u,
G2 “ ta1, b2, c3, d7, e3, f3u,
G3 “ ta2, b3, c3, d9, e9u,
G4 “ ta3, b4, c5u,
G5 “ ta5, b4, c5u,
G6 “ ta5, b4u,
G7 “ ta8, b5u,
G8 “ ta8, b5u,
G9 “ ta8u,
G10 “ ta8u.

It is immediate to see that Gi’s are submultisets of M , which are, in fact, sets
containing incomparable elements of M . Consequent upon the incomparability
of the elements of each Gi, the number of submultisets of M in rGis containing
an element x equals the multiplicity of x in M , henceforth denoted by αMpxq.
Moreover, from the above, we have

rGis “ rG1 Ï G2 Ï G3 Ï G4 Ï G5 Ï G6 Ï G7 “ G8 Ï G9 “ G10s.

That is, rGis is a non-increasing sequence. A permutation (an ordered sequence
of elements with repetition allowed) is usually enclosed in square brackets. We
call rGis the set-based grid of M and each Gi, a set-based grid reference of M
(or, simply a reference of M or M -reference). We give below, a formal definition
of the concept. Viz: Set-based grid of a partially ordered multiset.

Definition 9.

Let ď be a partial ordering defined on a set S and let M be a multiset of
cardinality n over S. The permutation rMis of subsets M1,M2, ...Mm of M ,
m ď n, is called the set-based grid of M if the following properties are satisfied:

(i) @px, y, iqrx PMi, y PMis ùñ rx # ys (Incomparability property).
From (1) it follows that Mi’s are sets.

(ii) @pi ă jqrx PMjs ùñ Dypy PMiqrx ď ys (Order property).

If for all x in Mj , x ă y (in the strict sense of the ordering) for some y in Mi,
we say that Mj is strictly dominated by Mi, denoted Mj Î Mi. Obviously,
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Mi “Mj if both contain the same elements. If ă is a total ordering on S, then
any two elements of M are comparable (either equal or one greater than the
other), and each Mi would contain a single element. In such a case, m “ n.
If ă is a strict partial ordering on S then Di for which Mi contains at least
two incomparable elements of M , and m ă n. If no two elements of M are
comparable, then all the elements of M belong to the only reference available,
which is M itself. The references of M are ordered by Ï. Thus, the grid of M is
the monotonically non-increasing sequence of subsets of incomparable elements
of M , in which the ith submultiset contains the ith element from each of all the
longest possible monotonically non-increasing sequences of comparable elements
of M . This construct is a variant of [3].

We next show that the second property in the above definition is equivalent
to Definition 4 in the theorem that follows.

Lemma 2. Let S and T be sets. The following statements are equivalent.
(1) S Ï T iff S ‰ T and @x P T Dy P S such that y ě x.
(2) S Ï T iff px P T ùñ x R Sq ùñ pDy P SzT, y ą xq.

Proof. (1) ùñ (2). Let x P T . Dy P S such that y ě x. Thus, we have
the following union of sets: tx P T : y ą x, y P Su Y tx P T : y “ x, y P Su. By
the additional constraint x R S from (2), we get tx P T : y ą x, y P Su Y tx P
T : y “ x, y P S, x R Su. This reduces the set to tx P T : y ą x, y P Su Y H.
Hence, y ą x. We claim y R T . Suppose the contrary and assume y P T . By the
hypothesis, Dy1 P S such that y1 ě y and by the result obtained, y R S. This
contradicts the hypothesis. Hence, y R T holds.

(2) ùñ (1). It is easy to see that T ‰ S. Let x P T. If x R S, then from
(2) Dy P SzT such that y ą x. Also, if x P S, then Dy P S such that y “ x holds.
The two statements imply Dy P S such that y ě x. l

4. Difference Grid

Definition 10.

Let rMis and rNjs be the grids of the multisets M and N for i “ 1, 2, ...,m
and j “ 1, 2, ..., n, respectively. Let q “ maxtm,nu and, let k “ 1, 2, ..., q. We
construct the difference grid rMk, Nks of M and N as follows:

(i) Mq ‰ H or Nq ‰ H.
(ii) If Mk ‰ H and Nk ‰ H for any given k then Mk´1 ‰ H and

Nk´1 ‰ H.

Mk are the references of M in rMk, Nks while Nk are the references of N in
rMk, Nks. It is easy to see from (i) that Mq ‰ H if n ă m, Nq ‰ H if m ă n,
and both are non-empty if m “ n. In other words, if m ă n then q “ n and Mk

is empty for k “ m` 1,m` 2, ..., n, and if n ă m then q “ m and Nk is empty
for k “ n ` 1, n ` 2, ...,m. Unlike the references in the grid of a multiset, the
references in a difference grid of two multisets are empty up to the number of
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references with which the grid with more references exceeds the grid with fewer
references. Also, the difference grid of two multisets is a collection of all the
references from the individual grids of the multisets.

Consider the multisets M “ t5, 4, 2, 2, 1, a, a, a, a, b, bu and N “ t6, 3, 3, a, a,
a, b, b, cu. The difference grid of M and N is

t5, a, bu t4, a, bu t2, au t2, au t1u
t6, a, b, cu t3, a, bu t3, au H H

where the following two tables are tabular forms of the grids of M and N ,
respectively.

t5, a, bu t4, a, bu t2, au t2, au t1u

t6, a, b, cu t3, a, bu t3, au .

Definition 11.

Let rMk, Nks be a difference grid of multisets M and N . A property p of
references is said to be pair-wise iff whenever p is attributed to a reference Mi

of rMks, then p is also attributed to the corresponding reference Ni of rNks. For
instance, if p stands for ‘non-empty’, and Mi and Nj are non-empty for i “ j
then Mi and Nj are pair-wise non-empty. Similarly, if p stands for ‘disjoint’,
and Mi and Nj are disjoint for i “ j then Mi and Nj are pair-wise disjoint. We
prove the following theorem:

Theorem 3. (Pair-wise equality theorem for multiset)
Let M and N be multisets. M “ N if and only if Mi “ Nj for all i “ j
where Mi and Nj are the respective references of M and N in the difference
grid rMk, Nks of M and N .

Proof. Let M and N be multisets over a domain set S and suppose Mi “ Nj

for all i “ j. Since Mi are the references of M in the difference grid rMk, Nks,
an element x of M belongs to Mi for some i. Since only incomparable elements
belong to any set-based reference of a multiset, only one occurrence of x belongs
to a reference containing x in the grid of M. Thus, Mpxq “ αMpxq. By hypothe-
sis, Nj contains x for some j and only one occurrence of x belongs to Nj . Thus,
Npxq “ αNpxq. Hence, αMpxq “ αNpxq and it follows that Mpxq “ Npxq @x P S.
Therefore, M “ N.

Conversely, let M “ N . We claim Mi “ Nj for all i “ j. Suppose the
contrary holds. Let l0 be the smallest positive integer for which the claim is not
true. Then, either Ml0 Ï Nl0 or Ml0 Î Nl0 or Ml0 # Nl0 . Suppose Ml0 Ï Nl0 .
By Definition 4, px P Nl0 ùñ x R Ml0q ùñ pDy P Ml0zNl0 , y ą xq. By
Property (ii) of Definition 9, y R Nl @l ą l0. Hence, Mpyq ą Npyq, thereby
contradicting the equality of M and N . Again by Definition 4, if on the other
hand px P Nl0 ùñ x P Ml0 @xq, then Nl0 Ă Ml0 . Let u P Ml0\Nl0 . If u R Nl

for all l ą l0 then Mpuq ą Npuq. This is a contradiction to the equality of M
and N . If, on the other hand, Dl ą l0 such that u P Nl, then by Property (ii)
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of Definition 9, there exists a positive integer k1 less than l and an element z1
of Nk1 such that z1 ě u. Again, there exists a positive integer k2 less than k1
and an element z2 of Nk2

such that z2 ě z1 ě u. Continuing this way, it can be
seen that there exists an element z of Nl0 such that z ě ... ě z2 ě z1 ě u. This
implies z ě u. Since Nl0 Ă Ml0 then z P Ml0 . This contradicts the incompara-
bility of u and z in Ml0 . Similar argument holds if Ml0 Î Nl0 . If Ml0 # Nl0

then by Lemma 1, there exists x and y where x # y, such that x PMl0zNl0 and
y P Nl0 . If x R Nl @l ą i0, then Mpxq ą Npxq, and this is a contradiction of the
equality of M and N . If on the other hand, there exists l where l ą l0 such that
x P Nl, then by Property (ii) of Definition 9, Dz P Nl0 such that z ą x. Also,
z R Ml0 @l ě l0. Furthermore, Mi “ Ni @i ă l0. It follows that Npzq ą Mpzq.
This is a contradiction of the equality of M and N . Therefore, Mi “ Nj for all
i “ j. l

Theorem 4. The grid of a partially ordered multiset is unique.

Proof. Assume rMis and rNjs are two grids of a partially ordered multiset
M. By the pairwise equality theorem Mi “ Nj for all i “ j. Thus, rMis “ rNjs.
Therefore, M has a unique grid. l

5. Grid approach to set-based multiset ordering

Definition 12

Let M and N be multisets. M Î N if and only if the following property is
satisfied:

If Mi “ Ni for all i such that Mi ‰ H and Ni ‰ H, then Mi “ H for the
remaining i; otherwise if Di such that Mi ␣Î Ni then Dj with j ă i such that
Mj Î Nj , where Mi are the references of M, while Ni and Nj are the references
of N in the difference grid rMk, Nks of M and N.

The semicolon separates the definition into first and second parts. In the
second part, ‘␣Î’ denotes ‘not less than’. Also in this part, the word otherwise
emphasises that the first part does not hold. That is, Mi “ Ni does not hold
for all i such that Mi ‰ H and Ni ‰ H.

In the definition, the empty multisetH can be seen to be smaller than every
arbitrary non-empty multiset N. This is obvious, since as all the references in
the grid of H are empty, Properties (i) and (ii) of Definition 10 imply all the
references in the grid of N are non-empty. It can also be seen that no element
of H is greater than or equal to any element of N. Also, the relations H Î H

and N Î N do not exist by this definition. We shall refer to this variant by
ÎPS .

Theorem 5. ÎPS is equivalent to ÎJL.

Proof. Let ÎJL be the Jouannaud-Lescanne set-based (defined using set-based
partition) multiset ordering and let ÎPS be the multiset ordering in Definition

Asian Online Journals (www.ajouronline.com) 58



Asian Journal of Fuzzy and Applied Mathematics (ISSN: 2321 – 564X)
Volume 01- Issue 03, October 2013

12. Suppose M and N are multisets such that M ÎPS N . We first show that
M ‰ N. Let rMk, Nks be the difference grid of M and N for k “ 1, 2, ..., p. By
the first property of Definition 10, Mp ‰ H or Np ‰ H. If either Mp or Np is
non-empty then M ‰ N. If both Mp and Np are non-empty then by the second
part of Definition 12 or by the contrapositive of the first part of Definition 12,
Mk ‰ Nk for some k. Therefore, by Theorem 3, M ‰ N .

The monotonically non-increasing sequence of all the non-empty references
in the grid of M from rMk, Nk] is a set-based partition M of M in lexicographic
order, each set containing incomparable elements. Also, Property (iii) of ÎJL
is embedded in Property (ii) of Definition 9. Thus, Properties (i) and (ii) of
Definition 9 for ÎPS hold.

From the first part of Definition 12, Mi “ Ni for all i such that Mi ‰ H

and Ni ‰ H implies Mi “ H for the remaining i, then the number of sets in
the partition of N is greater than the number of sets in the partition of M.
Thus, N is greater than M by lexicographic ordering. From the second part of
Definition 12, Mi ␣ÎPS Ni implies Dj with j ă i such that Mj ÎPS Nj , then
the partition of N is greater than the partition of M by lexicographic ordering.
Therefore, M ÎJL N .

Conversely, suppose M ÎJL N . Let p and q be the number of sets in the
partitions of M and N, respectively. Lexicographic extension of the ordering
entails the following:

(i) Mi “ Ni for all i “ j implies p ă q.
(ii) Di such that Mi ␣Î Ni implies Dj ă i such that Mj Î Nj .

Given (ii), either of the permutations rMi,H,H, ...,H, Njs where H appears
q ´ p times or, rMi, Nj ,H,H, ...,Hs where H appears p´ q times is the differ-
ence grid of M and N. However, only the former is the difference grid of M and
N for (i). l

Theorem 6. ÎPS is stronger than ÎHO.

Proof. Let ÎHO be the Huet-Oppen multiset ordering and let ÎPS be the
multiset ordering in Definition 12. Suppose M ÎHO N holds. Let i0 be such
that rMi0 , Ni0s is the first pairwise unequal references in the difference grid of
M and N . We claim Ni0 Ï Mi0 . Suppose the contrary, that is Ni0 ␣Ï Mi0 .
Consider the contrapositive of Definition 4 on Mi0 and Ni0 . Thus, x PMi0zNi0

implies there exist w and x such that either w P Ni0zMi0 and w č x or w ą x
and w R Ni0zMi0 . Either case implies x R Nl @l ą i0 by Property (ii) of
Definition 9. Furthermore, Mi “ Ni @i ă i0. Hence, Mpxq ą Npxq. This
contradicts M ÎHO N .

Next, we show that the converse is false. Let M “ t2, 1u and N “ t2, au
be such that a # 1 and a # 2. M ÎPS N since the reference t2, au of N is
greater than either of the two references t2u and tau of M. However, M and N
are incomparable under ÎHO. l

Theorem 7. ÎPS is stronger than ÎDM.
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Proof. [3] contains a proof of the Dershowitz-Manna definition being equivalent
to the Huet-Oppen definition. Since by Theorem 6, Definition 12 is stronger
than the Huet-Oppen definition, it follows that Definition 12 is stronger than
the Dershowitz-Manna definition. l

Theorem 8. Let MpSq be the set of all finite multisets on S. Then ÎPS is
well-founded on MpSq if and only if ă is well-founded on S.

Proof. The ‘only if’ part is trivial. For the ‘if’ part, since ÎPS is equivalent
to ÎJL and ÎJL is wellfounded on MpSq, then ÎPS is wellfounded on MpSq.
l

6. Concluding remarks

It is shown in Theorem 5 that the Jouannaud-Lescanne set-based multiset
ordering and the grid-based set-based multiset ordering are equivalent. However,
in view of Theorems 3 and 6, the grid-based multiset ordering seems to have a
greater potential for applications.
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