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ABSTRACT--- In previous works, with the use of Cartan map, spinor Dirac equation for half-spin particle such as
electron has been written in tensor form, in the form of non-linear Maxwell’s like equations, through two complex
isotropic vectors F=E+iH and F = E —iH'. It has been proved, that the complex vector F = E + iH satisfies
non-linear condition F2 = 0, equivalent to two conditions for real quantities E2 — H? = 0 and E. H = 0, obtained by
equating to zero separately real and imaginary parts of equality F2 = 0. It has been proved, that the vectors E and H
have the same properties as those of the strengths E and H, components of electromagnetic tensor F,,. Furthermore,
it has been proved, that the solution of these non-linear equations for free particle as well fulfils Maxwell’s equations
for vacuum (with zero at right side).

In this work, in order to investigate and to understand these non-linear tensor wave equations for electron, we derived
the corresponding second order tensor wave equations.
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1. INTRODUCTION
In previous works, spinor Dirac equation for electron has been written in tensor form, in the form of non-linear
Maxwell’s like equations for two electromagnetic fields (E, H) and (E ,H'). It has been proved, that these fields satisfy
non-linear conditions E? — H? = 0 and E. H = 0 and each of the fields (E, H) and (E', H') satisfies Maxwell’s equations
for vacuum (with zero at the right side). This enables us to interpret electron as a system of two electromagnetic waves
(E,H) and (E',H’), propagating with the phase velocity equal to the velocity of light and the velocity of the particle is
equal to the group velocity.
In this work, in order to understand these electron waves, we shall derive the corresponding second order tensor wave
equations.

2. RESEARCH METHOD
In this work, we shall derive the second order tensor wave equations for electron. To derive these equations, we shall
start with the first order tensor wave equations for electron. Here, we shall use the general mathematical method, based
on general theorems of tensor analysis and usually used in derivation of the second order tensor wave equations for
electromagnetic field.

3. SECOND ORDER TENSOR WAVE EQUATIONS FOR ELECTRON
In previous works, Dirac equation for electron

(v*0,—m)y =0, 1)
has been written in tensor form as follows

- — — = m ﬁxF'
DoF + v;(DF;) —iDX F = T
g @)
=, = m FxF’
DoF —v'{(DF;) +iDxF = T
Where
F =E +iH, (3)
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F =E —iH, 4)
are two complex isotropic vectors, and
. d = = - ExH
DO = la, D = —iV, V= 5 (5)

Here we use the natural system of units in which c=A=1.
Separating real and imaginary parts in equations (2), we obtain a system of non-linear Maxwell’s like equations for
strengths (E, H) and (E', H')

( rotE + % = vi(VHi) + mj,

rotH — g = —vy; (ﬁEl) + mj,

=7 aH’ (O’ - (6)
rotE tr=V i(VH i) —mj,
rotH’ — % = v'i(VE 1) + mj,
Here
» (EXE’+HxH’) cos ¢/2+(HXE +H xE) sin ¢/2
Ja = 222 D o 1/ (7)
[(EE")"+(HI) " +2(EE") (HH)+(EM) " +(E'H) +2(EH) (E'H)]
» (Ex?+ﬁxﬁ) sin /2 +(ﬁx?+ﬁx§) cos@/2
]V__\/E N2 | a2 =\ e L Een2 | =2 ,—:—>1/4’ (8)
[(EE")"+(HI) " +2(EE) (HIT) +(E) " +(E'H) " +2(EH) (E'H)|
L FR-EW
¢ =tan" =—s. 9)

In particular, when ¢ = 0, i.e., E//E’ and H//H', we obtain a simple system

EXE +HxH’
(EF+i)
HxE'+H'xE
(EE’+HH)
rotf’ + 25 = v, (V) - Vam ST
(EE’+HH")
HXE +H xE

- 6ﬁ —
rotE + Pl vi(VHi) +2m

rotH — Z—f = —v; (VEI) ++/2m

. . 1/2

(EE'+HH")

rotH’ — BB—T = v’i(VE'i) +2m

Let us derive the second order tensor wave equations satisfied by the fields (E, H) and (E', H").
Acting on both sides of the system (10) by rotational operator, we obtain

VXVXE+VX(§)=V)XV1(V)H1)+VX(\/§m ifix?ﬂ)

(EE'+HH")

. 1)z

(EE’+HH")

ExE 4T )

Tx T xR =Tx (5) = T xu (78) + 7 (Van L)
_ (11)
T T T () By (Bu)_5

VxVXE +Vx(—)— v x v';(VH;) V><<\/§m—(ﬁﬁ+ﬁ?)1/2
ﬁx?+?x§>

€540/

ot

Tx T T x (1) = T x v (78) + 7 (v2m

ot

Using the well known formula of tensor analysis

V xVxE = —AE + V(VE) (12)
VxVxH=—AH+V(VH), (13)

we find
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) =7 x wi(TH,) + 7 x (ﬁmﬂ>

FE+H)

~
2|

—AE + V(VE) +V x

8+ F(TH) ~ T x (%) =~ xv,(VE,) +  x (ﬁ %)
(14)

. /2

(EE'+HH")

A+ T(TE) 4 x (21) =~ x v (FH,) - T x (ﬁm—)

= -Vxv, (VE)+V><(\/7 M)

. 12

-1 A L
—AH +V(VH)—V><(E o

Using the relation V x v;(VH;) = V.%(V x H), which gives zero for ¥ = constant, i.e., V x v;(VH;) = 0, we obtain

N ExE+HXI’
—AE+V(VE)+Vx (=) =V x [vV2m—"
(V%) ) ( (E?m?)l/z)
-7 (vam ZETE )
(EE’+HH’)
oIl - ExE+IXI )
) < 5 (am L)

. 12

(EE'+HH")

_E

(15)
—AE + G(VE) + ¥ x (

A+ T T () = v L)

From the system (6) we have,

= = 0%H a(VHi) a
E(VXE)——F'FVi T m—(")

(= _0%E a(VE )
a (V ) atz Vi Cv) (16)
a = N 9°H , a(VH 0 '
a(VXE ) =TT e —maﬁ’v)
a = v’ a(VE") a
S(VxH) =5 -vi==+m>(.)
Finally replacing expressmns (16) in the system (15), we obtain

8- = ¥(FE) - 7 (Vam (;%7) EMEL RS
8 - 28 - () - 7 x ( et /) - m2 )
) - (EE +HH) a7
AE — % = V(VE) +V x ( (;Eii;:j)?n) ' "(‘7';3 ) +m=G,)
AE"—@_ V(VH) — VX( Ef'iﬂﬁ) ' a(VH )_ %G’a)

(EE HH’)
In the simple case of plane waves, the system (17) splits into four independent similar equations for strengths

AE-2T =, (18)
AH — % =0, (19)
AE’ - % =0, (20)
A28 =g, (21)

4. DISCUSSION AND CONCLUSION
In this work, we investigated the tensor wave equations for electron field. First, spinor Dirac equation for electron has

been written in tensor form, in the form of non-linear Maxwell’s like equations for two electromagnetic fields (E, H) and
(E',H"). From these first order non-linear tensor wave equations for electron, we derived the second order non-linear
tensor wave equations for electron field. We proved that, in the simple case of plane waves, the strengths (E, ﬁ) and
(E',H') satisfy the same homogeneous wave equations as those satisfied by (E, H), components of electromagnetic field
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in vacuum. This again proves the similarity between Dirac theory for electron field and Maxwell’s theory for
electromagnetic field.
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