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1. Introduction

Let X be a nonempty set and f: X — X be a function where f™*1 = f"of and f™™ 1 = f~"of 1, vn € N (N is the set
of natural numbers). Using this function, we introduce three fuzzy topological spaces, we study and discuss some properties of
these spaces like compactness, connectedness. Finally, we give necessary and sufficient conditions under which some of these
spaces coincide.

2. Construction of the spaces

We introduce the first fuzzy topology as follows:

Let X be a nonempty set and f:X —X a function. For each n €N, define the fuzzy set
An = {(x, ,uc,ln(x)) :x € X} where

1 ifdmeN, x = f™(x)
#ﬂn(x) ={1

n

Otherwise

1 ifdmeN, x = f™(x)
Then we have Upey Ay, = X and pq,n.4,,(x) = {1

r

Otherwise
where r = max{m, n}. Thus, the set {A,,: n € N} is a basis for a fuzzy topology on X, we denote it by ;.

Example 2.1. Let f: N — N be a function defined by f(n) =n+ 1, thenA,, = {(x, %) :x € N}and hence {A,:n € N}isa
base for the fuzzy topology 7; on N.

Proposition 2.2. In the fuzzy topological space (X, t,), if Azm € N, such that x = f™(x), Vx € X, then the set {A,“:n € N}
is a base for a fuzzy topology on X.
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Proof. We have p, c(x) =1—py4,(x)=1- % = %1 , thus, pyg cny c(x) = % , where k = min{m,n} . Also,

Hye, a,c(x) = sup {nT_l:n € N} =1, thus Uy_; A,° = X and this implies that the set {A4,“:n € N} is a base for a fuzzy
topology on X.

Now, we introduce the second fuzzy topological space.

Let X be a nonempty set and f:X — X be a function. Define the sets J, = Npen S (X), Jo = fP1(X) —
f*"(X), vn e N. Now, for each natural number m, define a fuzzy subset K, ={(x,y,(m(x)):x EX} of X, where

_(p ifx€e], n>0 . n . o _ _ .
i, (X) = {1 Otrflzerwise and p=min{1,2}. Since Upm-;K,=X and K,NK =K, where gq=
max{m, [}, the set B = {K,,,: m € N} is a basis for a fuzzy topology on X denoted by t,.

Example 2.3. Let f:N — N be a function defined by f(n) = {ni , g; :ejwlise. Then K, = {(1,1), (2,1), 3,1), ..} =

N, K, ={(1,1),(2,1/2),(3,1/2),(41), ..}, K3 = {(1,1),(2,1/3),(3,1/3),(4,2/3),(5,2/3),(6,1),(7,1), ...} and so on.
Since K, 2K, 2 K; 2 -+, and K; = N, the set B = {K,,;: m € N} is a base for the topology 7,0n N.

Lemma 2.4. In the fuzzy topological space (X, 7,), if f is onto, then 7, is the indiscrete fuzzy topology.
Proof. The proof is clear.
Finally, we introduce the third fuzzy topological space as follows:

Let X be a set containing at least one element and f: X — X be a one to one function, we define a fuzzy topology on X
as follows:

Suppose x, is a fixed point in X and k is a fixed natural number, let Alxy) ={yeX:y=f"(x,),n €
N}, Ny ={n € Z: f™"(x,) € A(xy)}, where Z is the set of integers. Then we define the following fuzzy sets for each n in N,
and for each x in X:

C={(x,1):x €X—A(xy)}

1 if x = f"(xo)
te,(x) =41/k  if x € A(xo), x # f™(x,)
0 Otherwise

Now, we have CNC, =0, Vn € Ny, Cy N Cp, = {(x,1):x € A(x0)} € C, and (Upen, Cn) U{C} =X. Then the
collection B = {C} U {C,;:n € N,} is a base for a fuzzy topology on X, we denote it by 7.

Example 2.5. Consider the function f:N — N defined by f(n) =n+1 and take x, =1, k=2. Then C =9 and C, =
{n+11}u{(m1/2)meN—-{n+1}}forallne N, ={0,1,2,..}.

Lemma 2.6. Let X be a nonempty set endowed by the fuzzy topology 7. Then the following are true:

1. C=0iff A(xy) = X.
2. The fuzzy topological space (X, 73) is a topological space iff k = 1.

Proof. The proof is clear.

Theorem 2.7. f: (X, t,) = (X, t,) is onto iff £ is open.
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Proof. Let f be onto and x € X. If x = f™(x), for some m € N, then u, (x) = 1 and since f is onto, so f~*(x) is exists and
one of its value is f™ 1 (x), thus psea) () = sup{us, )y € X,y = 710} = pa, (F™ 1 (x)) = 1. Also, if x # f™(x),
vm € N, then there is not exists m € N such that f™(f~*(x)) = f~*(x). Otherwise, f™(x) = x and this is a contradiction.

S0, pa, (f 1 (X)) = % and pria,y(0) = sup{pa, 0):y € X,y = f 1 ()} =% . Hence for any x in X, we have pu, (x)=
ts-10a,y(x) and f~1(4,) = A,, Vn € N. Hence f is open.

Now, let f be open, then the image of each basic open fuzzy set is open fuzzy, hence f(4,,) is open fuzzy. Suppose
contrary that f is not onto, so there exists y in X such that there is no x in X with f(x) = y and this implies that y;(, ,(y) = 0
which means that f (4,,) is not open fuzzy and this contradict with being f is open.

Theorem 2.8. f: (X, ;) = (X, t,) is continuous if f is one to one.

Proof. Let x € X, if there exists a natural number m such that x = f™(x), then u, (x) =1 and f(x) = f™*'(x), so
W14, () = g, (F () = 1. Also, if x # f™(x), vm € N, then , (x) = %and since f is one to one, f(x) # f(f™(x)) =

F(F (), pa,(f(x) = %and SO fhs-1(a,)(%) = pa, (f () = % Hence g1,y (x) = pa, (f (x)), Vx € X, this means that
f~1(A,) = 4, and f is continuous.

The converse of above theorem need not be true as we see it in the following example.

Example 2.9. Let f: (N,7;) — (N, ;) be a function defined by f(n) =1, then f is not one to one and since 4, =
{14,21,31,...}, vn €N, f71(4,) = {1,,2,,..} = Nis open and f is continuous.

Theorem 2.10. f:(X,t,) = (X, t,) isopen iff f is onto.
Proof. Let f be onto, then by Lemma 2.4. we have t, is the indiscrete fuzzy topology and hence f is open.

Now, suppose that f is open. Since K; = X, f(K;) = f(X) is open. But f(X) is a nonempty classical set, so f(K;)
must be a classical open set and the only nonempty classical open set is X, hence f(K;) = X that is f(X) = X and this means
that f is onto.

Theorem 2.11. f: (X, t,) = (X, 7,) is continuous if it is onto.
Proof. Let f be onto, then by Lemma 2.4. we have t, is the indiscrete fuzzy topology and hence f is continuous.
The following example shows that the converse of above theorem is not true in general.

Example 2.12. Suppose f:(N,7,) — (N, t,) is a function defined by f(n) =1, then f is not onto. But, since K,, =
{1,,21,31,..}and f~1(K,,)) = {1,,2,,...} = N,vm € N, so f is continuous.

Theorem 2.13. f: (X, t3) = (X, 73) is open iff f is onto.

Proof. Suppose f is onto, we have to prove f is open. We claim that f(C,) = C,, and f(C) = C. Letx € X, if x € A(xy),
then there exists r € N, such that x = 7 (x,). Thus,

1 ifn=r

1 ifn+l=r
Hen@) =
k

s Bepy, () = { 1 and so
k

Otherwise Otherwise
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ifn=r—-1 (1 ifn+1l=r . . .
= { = Uc,,,(x) . In another side, since x € A(x,) and f is

Otherwise

1
e @ = e, (76 = s :
onto, f (o) € A(%o), 50 uc(x) = 0, uc(f (%)) = 0 and uscy(x) = pc(f 7 (x)) = 0. Thus, ps(cy(x) = pc(x) = 0. Hence
f(C) =C, f(C,) = Cpyq, Vx € X and this implies that f is open. Also, if x & A(x,), then f~1(x) & A(x,) because f is onto,
SO pc(x) =1, pc(f1(x)) =1and prcy(x) = pc(f1(x)) =1. Also pg, (x) = 0 and pirc, (x) = pe, (f (%)) = 0. Thus
Uc, (X) = U,y (x) = 0 and we obtain that f is open.

1 .
- Otherwise

Now, Suppose that f is open, we have to prove f is onto. Let f be a non onto function, so there exists an element y in
X with y # f(x), Vx € X. If y € A(x,), then there exists n € Z such that y = f"(x,) . So pc,(y) =1, uc,,, ) = % and
Uy @) = e, (f 1 (¥)) = 0. Thus f(C,) is not open which is contradiction, since f is open. But, if y & A(x,), then
uc) =1, ppcy(y) = uc(F~1(y) =0, so f(C) # € which means that f(C) is not open and hence f is not open which is
contradiction. Thus £ is onto.

Lemma 2.14. In (X,13), f~1(C) = C.

Proof. For x € X, if x & A(x,), then x # f™(x,), Vn € Zand so f(x) # f™**(x,) because f is one to one, so f(x) & A(x,)
and pe-10)(x) = puc(f(x)) =1. If x € A(xp), then f(x) € A(xy) and pp-1(¢)(x) = puc(f(x)) =0, hence for x € X,

1 x@A(x) _ o
0 Otherwise pc(x) and f75(C) = C.

llf—l(c)(x) = {
Theorem 2.15. f: (X, t3) — (X, t3) is continuous if k=1.

Proof. Let k = 1, by Lemma 2.14. f~1(C) = C,so f~(C) is open. Now, we have to show that f~(C,) is open, vn € N,.,
where e, () =g 5o

Letx € X, if x € A(xo), then pp-1(¢y(x) = pc, (f (x)) = 1. If x € A(x,), then Vn € Z, x # f™(x,) and since f is one to one,

f(x) # " (%), thus f(x) & A(xo) and prp-1c,y(x) = uc, (f(x)) = 0. Therefore, pp-1(¢)(x) = pc, (x), Vx € X and
£~1(C,) is open. Hence f is continuous.

The converse of above theorem is not true, for example, consider the function f: N — N defined by f(n) = 5 and
put k =2 and xo =5, then pp-1cy(n) = e, (f () = pe,(5) =1, so f~1(Cy) =N and from Lemma 2.14. we have
f~1(C) = C. Hence f is continuous.

3. Some properties of the spaces

In this section we discuss some properties for the spaces that were introduced in section two and we give necessary and
sufficient conditions for the spaces to satisfy some of these properties like compactness and connectedness.

Proposition 3.1. (X, t,) is a compact space.

Proof. Let {G,: 2 € A} be an open fuzzy cover for X, then 34, € A such that G, = A; = X. Thus every finite open fuzzy
subset of {G;: A € A} that containing G,,, can be consider as a finite fuzzy subcover for X. Hence (X, 7,) is a compact space.

Proposition 3.2. (X, t,) is a connected space.
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Proof. Since for every two basic open fuzzy sets A,, 4,, we have either 4,, € A4,,, or A,, € A,, depending on the values of m
and n that either m < n or n < m respectively. Hence there are no disjoint open fuzzy sets whose union is X. Therefore,
(X, t,) is connected.

Proposition 3.3. (X, t,) is not T, — space.

Proof. Since any two distinct fuzzy points (x, p) and (y, p) with equal memberships p are belong to the same basic open fuzzy
set A, where p < % Hence there is no open set that contain one of the elements not the other and this implies that (X, 7,) is not

a Ty — space.
Proposition 3.4. (X, t,) is regular iff there is no an element x in X such that f™(x) = x, for some m € N.

Proof. Suppose there is no an element x in X such that f™(x) = x, for some m € N, thus Ax € X withu, (x) =1,Vn €N,
s0 A, = {(x,2):x € X}and 4,,° = {(x,"%): x € X}. Thus there is no element x € X and closed fuzzy set F with x ¢ F and
this means that (X, t,) is regular.

Now, suppose (X, 7;) is a regular space. If there is an element y € X with u, (y) = 1, then y does not belong to any

closed fuzzy set, let F be one of such closed fuzzy set. But (X, t,) is regular, so there are disjoint open fuzzy sets one
containing y and the other containing F, but this contradict the definition of t, that there are no disjoint open fuzzy sets. Hence
Ay € X with u, (y) = 1and this implies that Ax € X such that f™(x) = x, for some m € N.

Remark 3.5. Since every two open fuzzy sets in (X, ;) have honempty intersection, so there are no disjoint closed fuzzy sets
and this implies that (X, ;) is a normal space.

Proposition 3.6. The fuzzy topological space (X, t;) is a Lindelof space for (i = 1,2,3).
Proof. Since the base of the space (X, t;), i = 1,2,3, is countable, hence every open cover has countable subcover.
Proposition 3.7. (X, t,) is a connected space.

Proof. Since K; = X and K,,, € K;, Ym € N. So there are no disjoint open fuzzy sets whose union be X. Hence (X, t,) is
connected.

Proposition 3.8. (X, T,) is a compact space.

Proof. Let A = {G,: 4 € A} be a open fuzzy cover for X. Since K; = X, there exists an element G,, € A such that K; < G,, and
this implies that {G,,} is a finite open subcover for X.

Proposition 3.9. (X, t,) is not T, — space.
Proof. Since each basic open fuzzy set contain every element of X with nonzero membership, (X, 7,) is not T, — space.
Proposition 3.10. (X, t,) is regular iff f is onto.

Proof. Suppose f is onto, then by Lemma 2.4. we have 1, is the indiscrete fuzzy topology and hence X is regular.

Now, let X be a regular space and f be a non-onto function, then A; # @. Take a € A;, then py, (a) = % S0 {(a, 2)} is a

fuzzy point in X and K,° is a closed fuzzy set not containing the fuzzy point {(a, %)} then there exist two disjoint open fuzzy
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sets G and H such that K,¢ € G and H containing the fuzzy point {(a, %)} But from the definition of 7, we have no disjoint
open sets, thus we have a contradiction. Hence f must be onto.

Proposition 3.11. (X, t,) is a normal space.

Proof. Since the basic open fuzzy sets have the property that X = K; 2 K, 2 -+, so the closed fuzzy sets have the property
that @ = K,° € K,° < ---, hence there are no disjoint closed sets and consequently X is normal.

Proposition 3.12. (X, t3) is connected iff C = @.

Proof. Suppose X is connected, we have to prove C = @. If C # @, then take A = Up,ey, C,, and hence C and A are two disjoint
nonempty open fuzzy sets whose union is X and this is a contradiction. Thus, C = @.

Now, let € = @, since for any basic open fuzzy sets K,,, and K,, we have K, NK, = {(x,%):x € X} which is
nonempty. Hence X is connected.

Proposition 3.13. (X, t3) is a compact iff N, is finite.

Proof. Suppose N, is a finite set say Ny = {n,n,, ..., n,} and let {G;: 1 € A} be an open fuzzy cover for X, then there exist
Gays Gayy oy Gayyy G IN{Gy: A € A} suchthat G, < Gy, fori = 1,2,..,mand C < Gy, . Hence {Gy,, Gy, Gy,, -, Gy,,} is a finite
open fuzzy subcover for X and this means that X is compact.

Now, let X be a compact space and N, infinite set, then {C,,:n € Ny} U {C} is an open fuzzy cover for X that have no
finite subcover, so X is not compact and this contradict with our assumpsion. Thus N, must be finite.

Proposition 3.14. (X, t3) is Ty — space iff C has atmost one element and f(x,) = x,.

Proof. Suppose C has atmost one element and f (x,) = x,. If C = @, then X = {x,} and X is T, — space. If C # @, then there
exists y # x, in X such that C = {y}, that is X = {x,, y} and there is an open fuzzy set C contain y but not x,. Hence X is
T, — space.

Now, let (X,73) be a T, — space. If f(x,) # x,, then there exists an element y in X such that f(x,) = y and this
means that x, # y and there is no open fuzzy set contains only one of them, so X is not T, — space which is contradiction.
Also, if C contains two elements, then it makes X to be non T, — space. Hence must f(x,) = x, and C contains atmost one
element.

Proposition 3.15. (X, t3) is regular iff £ (xy) = x,.

Proof. Suppose f(x,) = x, and x € X. Let F be a nonempty closed fuzzy set not containing x. We have two cases; first, if
=x, , then F = C,°, so there exist two disjoint open fuzzy sets C and C, such that F € C and x € C,. Second, if # x, , then
x € Cand F = C°¢, so there exist two disjoint open fuzzy sets C and C, such that F < C, and x € C. In both cases we conclude
that X is regular.

Now, let X be a regular space and f(x,) # xo. Put x = xq and y = f(x,), then for the closed fuzzy set C,° not

containing x, there exist two disjoint open fuzzy sets G and H such that x € G and C,* € H. Since x ¢ H, H = C, but

be,c(¥) = % and uc(y) = 0, s0 C,¢ & C which is a contradiction. Hence x = y, that is f(x,) = x,.

Proposition 3.16. (X, t3) is a normal space.

Proof. To prove X is normal, we have two cases;
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1. If f(xg) = xo and C # @, then there are only two nonempty disjoint closed fuzzy sets C¢ and C,°, so there are two
disjoint open fuzzy sets C and C, such that C,° € C, C° € C, and hence X is normal.
2. Ifeither f(x,) # x, or C = @, then we have no disjoint nonempty closed fuzzy sets, thus X is normal.

4. Relation among the spaces

In this section we study the necessary conditions for some of the spaces to be coincide. For this purpose we have the
following theorems.

Theorem 4.1. The two fuzzy topologies 7, and 7, are equal iff for every x € X, there exists m € N such that f™(x) = x.

Proof. Assume that for every x € X, there exists m € N such that f™(x) = x, then K,,, = X, vim € N and t, is the indiscrete
fuzzy topology. Furthermore, we have from the assumption that for every x € X, u, (x) =1, so 7 is the indiscrete fuzzy
topology. Therefore, 7, = 7,.

Now, suppose that 7; = 7, and according to the definitions of 7, and 7,, we have for every x € X, u,, (x) =

{1 if Im €N, x = f™(x) min{1,.L} if x€J;, i>0

1 and pg, (x) = { ] . By contrary that if there exists x in X such that for
n 1 Otherwise

= Otherwise

every natural number m, f™(x) # x, then p4, (x) = % » Ui, (X) = min{l, %} which they are not equal. Therefore, for every
x € X, there exists m € N such that f™(x) = x and this completes the proof.

Theorem 4.2. The two fuzzy topologies 7, and 75 are never be equal.

Proof. From the fuzzy topology 3, u-(x,) = 0, but there is no open fuzzy set G in t; and x in X such that u;(x) = 0. Thus

Theorem 4.3. The two fuzzy topologies t, and t;are equal iff f is onto, A(x,) = X and k = 1.

Proof. Suppose f is onto, A(x,) =X and k =1, then A, =@, Vn > 0 and Ay = X, SO pg, (x) =1, Vx € X, vm € N and
hence 7, is the indiscrete fuzzy topology. Also, since A(x,) = X, € = @ and pc,(x) = 1. Thus C,, = X, Vn € N, and 75 is the
indiscrete fuzzy topology. Hence t, = 75.

Now, let T, = 73, since for each x in X, we have  py (x) = {mm{l'ﬁ} ifx€Jy i>0

1 Otherwise
1 if x=f"(x0)
and  uc,(x) ={1/k  if x € A(xy),x # f™(xo)
0 Otherwise

So they are equal if ;"2 1, =¢and %: 1thatisi = m, A(x,) = X and k = 1. But for K,, we have i = 2 and this implies
that J; = @. Hence f is onto, A(x,) = X and k = 1.

References

[1] A. Kavfmann, Introduction to the theory of fuzzy subsets, Academic press, 1975.

[2] Didier Dubois, Henri Prade, Fuzzy sets and systems theory and applications, Academic press, 1980.

[3] Lotfi A. Zadeh, King Sun Fu, Kokichi Tanaka, Masamichi Shimura, Fuzzy sets and their applications to cognitive
and decision processes, Academic press, 1975.

Asian Online Journals (www.ajouronline.com) 50





