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_________________________________________________________________________________ 

ABSTRACT— In this paper, fuzzy-based models which is special for electromagnetic problems are applied to model 

the input impedance of the grounding systems such as vertical and horizontal electrodes. In each model, the behavior 

of the electrode is first extracted by if-then rules, and then the effects of different parameters for instance soil 

resistivity and electrode radius are separately extracted as simple curves. Then using spatial membership functions, 

these effects are combined so as to create simultaneous effects of all parameters on the input impedance. As a result, 

the input impedance is efficiently predicted for arbitrary resistivity of soil, radius, and normalized length of electrodes. 

Finally through fast Fourier transform (FFT) and inverse fast Fourier transform (IFFT), the transient voltage for 

each electrode is efficiently computed. 
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1. INTRODUCTION 

Grounding systems such as vertical and horizontal electrodes are often used in power systems to discharge lightning 

current into earth without any damage to people and installations [1-6]. Figure 1 shows schematic diagram of such 

grounding systems under lightning stroke. 

Transient voltage of grounding system (defined electrical potential of the grounding electrodes with respect to a 

reference point at infinite) is of great practical importance, because firstly it is able to reveal the maximum voltage 

level that is submitted to the ground, secondly it is evaluates the time that the ground is subjected to certain levels of 

transient voltage. Safety criteria are based upon minimizing this parameter. It is usually computed as following:  

 

Figure 1: Schematic diagrams of conventional grounding systems. 

 

 )())(()( 1 jfZtiFFtv                                                                                                                        (1)
 

Where F and 
1F  denote Fourier and inverse Fourier transformations respectively, and )( jfZ  is input impedance of the 

grounding system in the frequency domain, and defined as following: 
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where )( jfV and )( jfI  are electrical potential and electrical current in the frequency domain respectively. There are 

two different current wave forms, )(ti , corresponding to first and subsequent return strokes [4], as following: 
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Where 0I  is the amplitude of current, 1  is the front time constant, 2  is decay time constant, n  is an exponent having 

value between 2 to 10, and   is the amplitude of the correction factor. These parameters are given in the table 1. 

Table 1. Heidler parameters for lightning current of first and subsequent stroke. 
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 2n  

First Stroke 28 1.8 92 2 --- --- --- --- 

Subsequent stroke 10.7 0.25 2.5 2 6.5 2.1 230 2 

To the best our knowledge, there is no closed form solution for input impedance except RLC and TLM [1] which are 

based on quasi static approximation and valid when the length of electrode is less than one-tenth of the wave length in 

the earth. Therefore proposing comprehensive model is vital.  

Tayarani et al in 2001 an intelligent model [7] based upon fuzzy inference for electromagnetic problems proposed, and 

since then has been found several applications for example in analyzing nonlinearly loaded antenna array [8, 9]. In this 

method of fuzzy abbreviated to MoF from now on, behavior of the problem is represented as circular movement in polar 

plane, and then effects of problem parameters are extracted as displacement and compressing or spreading this 

movement. Further information about the MoF is given in the next section. 

This paper is organized as follows. In section II, fuzzy behavior of the vertical electrode is linguistically introduced, and 

in following, the effect of electrical parameters of soil and electrode radius on the input impedance is easily extracted 

using spatial membership functions [10]. In section III, The same as vertical electrode a fuzzy model is introduced for 

horizontal one. Finally in section IV, transient voltages of the grounding system for the first and subsequent lightning 

currents are efficiently computed. 

2. BEHAVIOR OF VRTICAL ELECTELECTRODEE 

In this section, consider a vertical electrode of length 10 m which is buried in the earth of electrical parameters 10r

and m.1000 . 

To extract behavior of the vertical electrode, at first, the input impedance of the electrode in the frequency rage [1-10] 

MHz is computed by MoM. Figure 2(a) shows the amplitude versus phase of the input impedance in polar plane. In 

figure 2(a), as /L  ( L  is electrode length) is increased, a circular movement is created. Inside this movement, three 

circles are distinguishable in such a way that these are converted to each other smoothly. To define these circles, three 

sets of starting points (stars, circles, and pluses in figure 2(b)) around 27.0,17.0,07.0/ L  are first chosen. These 

circles are shown in figure 2(b) as dashed circles whereas the input impedance is shown as solid curve. 

Now, one can represent the circular movement through the fuzzy if-then rules as following:  
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(a)                                                                                                             (b) 

Figure 2: (a): Amplitude versus phase of input impedance (ohm) of vertical electrode. (b): figure (a) in addition to fitted circles. 

Assigning membership function or belongingness for each fitted circle is the next step so that they have belongingness 

one on the fitted circles and smoothly decreasing to zero on the neighbor fitted circles. These functions are defined in 

[11]. 

 
 

Figure 3: Membership functions for assigning three fotted circles. 

 

 Using Takagi-Sugeno method [7], the above rules is led to inferring one circle for each /L as follows: 

 



(5) 

 

in which 3,2,1,,, iryx iii  is center coordinates and radius of the fitted circles (dashed-dotted circles in figure 2(b)) and

i ’s are membership functions in figure 3. Inferring one circle for each /L in this step is termed partial locus. A few 

fuzzy-inferred circles are shown in figure 4.  

According to [7], to find the correct place of the input impedance on the each inferred circle, the partial phase (phase with 

respect to the centre of inferred circles) should be defined, and then modeled. The partial phase is shown in figure 5. 

Modeling partial phase is the same as partial locus except that circles are replaced with lines, that is 
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in which 3,2,1,, inm ii  is slope and bias of the fitted lines (dashed lines in figure 5)  , i  ’s are membership functions in 

figure 5, and nm, are slope and bias for other values of /L  .  

Note that the markers (stars, pluses, and circles) in figure 5 are those used for modeling fitted circles. 

Finally, the real and imaginary part of the induced voltage versus input value /L   is computed through the below 

equation:                       

)}/(exp{)/( nLmjrjyxLZ in                                                                                                 (8) 

in which, ),,( ryx , and ),( nm  are computed from equations (5) and (7) respectively, and 1j .  

The membership functions in figures 3 and 5 from now on are considered as behavior of the grounded vertical electrode. 

Figure 7 shows the predicted input impedance versus /L  by the MoF, and MoM. As it is seen, excellent agreement is 

achieved.  

 

Figure 4: Fuzzy-inferred circles. 

 

 

 

 

 

 

 

 

 

Figure 5: Partial phase as well as fitted lines. 
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Figure 6: Membership functions for assigning three fotted lines. 

 

 

Figure 7: The predicted input impedance by MoF and MoM. 

2.1 Resistivity effect of soil 

In the previous sections, the resistivity of the soil was assumed to be constant, and the input impedance for arbitrary 

normalized length was predicted. In this section to complete the model, the effect of the resistivity of the soil is 

investigated. To this end, the input impedance of the soil for two values of ).(1200,800 m  are computed by MoM 

and shown in polar plane in figure 8. 

 
Figure 8: The input impedance in polar plane in zoomed form for two values of resistivity. 
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As is seen in figure 8, changing the soil resistivity is just led to changing center coordinates and radius of fitted circles. 

Hence, center coordinates and radius of the fitted circles for a few values of resistivity

).(1400,1200,1000,800,600 m  are computed by MoM and shown as stars, circles, and pluses in figure 9. 

Accordingly, these marks can be fitted by simple curves (of first or second order). That is, from now on center 

coordinates and radius for arbitrary resistivity is easily computed through these fitted curves instead of MoM. These can 

be considered as effect of resistivity. Figure 10 shows the predicted input impedance by the two methods, i.e., MoM and 

MoF for ).(1000 m . 

 

Figure 9: The effect of the resistivity on the input impedance. 

 

 

Figure 10: The predicted input impedance by MoF and MoM for m.1000 .  
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2.2 Radius effect of electrode 

In the previous section, the effect of resistivity on the input impedance was obtained. In this section, similarly the effect 

of electrode radius is easily obtained as shown in figure 11. In the next section, in order to complete the model, these two 

effects are combined using spatial membership functions. 

 

Figure 11: The effect of the electrode radius on the input impedance. 

 

2.3 Simultaneous effects of radius and resistivity 

To complete the model achieved in the previous sections, in this section the two effects extracted are combined via 

spatial membership functions concept. To this aim, spatial membership functions with two fuzzy sets are used as bellow: 
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Where 𝜑 = 𝑡𝑎𝑛−1  
180𝑎

𝜋 . 
 , and j=a,  , and (𝑥𝑖𝜌 ,𝑦𝑖𝜌,𝑟𝑖𝜌)  and (𝑥𝑖𝑎 ,𝑦𝑖𝑎,𝑟𝑖𝑎)  are computed from figures 9 and 11 

respectively. Also 𝛽1,2 are optimizing parameters. As shown in figure 12, each fuzzy set (𝛼𝑗 ) have belongingness one on 

the individual axis and is decreasing to zero on the other axis. Finally center coordinates and radius of the fitted circles 

representing the simultaneous effects of the resistivity and radius are inferred as equation bellow: 

 𝑥𝑖   𝜌,𝑎 =
𝑥𝑖𝜌  .𝛼𝜌  𝜌 ,𝑎 +𝑥𝑖𝑎  .𝛼𝑎  𝜌 ,𝑎 

𝛼𝜌  𝜌 ,𝑎 +𝛼𝑎 (𝜌 ,𝑎)
                                                                                                                  (10)         

 𝑦𝑖  𝜌, 𝑎 =
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𝛼𝜌  𝜌 ,𝑎 +𝛼𝑎 (𝜌 ,𝑎)
                                                                                                                  (11) 

 𝑟𝑖   𝜌,𝑎 =
𝑟𝑖𝜌  .𝛼𝜌  𝜌 ,𝑎 +𝑟𝑖𝑎  .𝛼𝑎 (𝜌 ,𝑎)

𝛼𝜌  𝜌 ,𝑎 +𝛼𝑎 (𝜌 ,𝑎)
                                                                                                                   (12)                                                 

To obtain a predefined error, β1,2 are tuned using simple optimizations techniques (even by hand). The optimized spatial 

membership functions are shown in figure 13. As an example, the center coordinates and radius of the first fuzzy-inferred 

circle is shown in figure 14. 
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Figure 12: Spatial membership functions with two fuzzy sets for combining the effects of resistivity and radius. 

 
Figure 13: Optimized spatial membership functions with two fuzzy sets. 
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© 

Figure 14: (a) and (b): center coordinates and (c): radius of the first fuzzy-inferred circle. 

 

 

Figure 15: Predicted input impedance of the vertical electrode for ρ = 900Ω.𝑚,𝑎 = 14𝑚𝑚 by MoM and MoF. 
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3. BEHAVIOR OF HORIZONTAL ELECTRODE 

In this section, consider a horizontal electrode of length mL 10  and in depth md 1  inside the earth of electrical 

parameters 10r and m.1000 . Since fuzzy modeling this electrode is the same as vertical one, the behavior of the 

electrode and the effect of resistivity are only extracted as shown in figures 16, and 17 respectively. In order to how 

accurate the achieved mode is, the input impedance for m.1000  is computed by the two methods as shown in 

figure 18. 

 

 

Figure 16: The membership functions for modeling (a): partial locus and (b): partial phase.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 17: The effect of the soil resistivity on the input impedance of the horizontal electrode. 
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Figure 18: Predicted input impedance of the horizontal electrode for m.1000 by MoM and MoF. 

4. TRANSIENT VOLTAGE OF GROUNDING SYSTEMS 

Once the input impedances for the two grounding systems are computed, through equation (1), transient voltage for 

the two surge currents is easily computed. Figure 19 and 20 shows the transient voltage for the first and subsequent 

strokes respectively. As it is seen in these figures, excellent agreement is achieved. 

 

Figure 19: Transient voltage of the vertical grounding system under first stroke current. 
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Figure 20: Transient voltage of the vertical grounding system under subsequent stroke current. 

5. CONCLUSION 

In this study, an efficient approach was proposed for two conventional grounding systems, i.e., vertical and horizontal 

electrodes. In the proposed method, at first behavior of the problem was extracted in if-then rules, and then effect of 

problem parameters was extracted as very simple curves. Finally through FFT and IFFT, transient voltage is efficiently 

computed. 
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