Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 05 — Issue 05, October 2017

Generalized Moments of Sample Extremes of Order Statistics
from Discrete Uniform Distribution

Ayse T. Bugatekin®“and Sinan Calik®

Department of Statistics, University of Firat
23119 Elazig, Turkey

“Corresponding author ’s email: aturan [AT] firat.edu.tr

ABSTRACT---- More advance, it has studied in some papers that finding of first two moments of sample extremes of
order statistics from discrete uniform distribution. In this paper, these moments are generalized. Also, for sample
extremes of order statistics from discrete uniform distribution, moment generating functions are obtained.
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1. INTRODUCTION

Suppose X, X,,..., X, is a random sample from a discrete distribution and let X, < X, <...<X
denote the corresponding order statistics (Arnold et.al, 1992; David and Nagaraja, 2003).

nn

Order statistics and their moments have assumed considerable interest in recent years. There is a vast literature on
both theory and application of the moments of order statistics (Gokdere, 2014). The first two moments of order statistics
from discrete distributions were proved by Khatri (1962). Arnold et al (1992) obtained the first two moments with a
different way which were already obtained by Khatri (1962). All the developments on discrete order statistics lucidly
accounts by Nagaraja (1992). The first two moments of sample maximum of order statistics from discrete distributions
were obtained by Ahsanullah and Nevzorov (2001). For n up to 15, algebraic expressions for the expected values of the
sample maximum of order statistics from discrete uniform distribution were obtained by Calik and Glingér (2004)
Furthermore; m th raw moments of order statistics from discrete distribution were proved by Calik et al (2010).

2. THE DISTRIBUTIONS OF ORDER STATISTICS

Suppose that X, X,,...,X,  are random variables each with distribution function F(X). Let

F..(X), r=212,...,n denote the distribution function of the r th order statistics X .,. Then the distribution function
of the largest order statistics X, = max{X,,..., X} is given by

F.. () =P{X,, <x}=Pfall X, <x}=F"(x)
Likewise, the distribution function of the X, = min{X,..., X } is
F..(X)=P{X,, <x}=1-P{all X, >x}=1-[1-F(x)]"

The marginal distribution function F,.. (X) of r th order statistics X,.,,1<r <n is given

rn?

Fon(X) = i(rj‘j[F(X)]i[l— FOOI™ 1)
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From the relation between binomial series and incomplete beta function, F,.,(X) can be written as

F(x)

Fn(0= [ —— = a-t)" dt @2)
5 (r=D!n-n)!

I:r:n (X) = F(x) (r’ n-r +l)

where |, (a,b) = (B(a,b))™ joxta-l (1—t)"*dt and
B(a,b) = Jl‘t“ (1-t)**dt =T(a)['(b)/T'(a +b) (David, 1981).

For discrete population, the probability mass function of X .., (1<r <n) may be obtained from (2.2) by differencing
as

fr:n (X) = P{X rn — X} = I:r:n (X) - I:r:n (X_)

—C(r,n) j:((:j)tf-l (L—t)"" dt 2.3)

n:
where C(r,n) =m :

In particular, we also have

fu, 00 =n[ " @-0" dt=[FI" ~[FOI", F()=1-F(x) and

fn (9 =n [ " 7t =[FOOT" ~[F O™

X—

3. ORDER STATISTICS FROM DISCRETE DISTRIBUTIONS

Since distributions of order statistics are more complex in discrete case, it is not easy to find their moments. Some
specific approaches have been put forward for calculating these moments. Moments of order statistics of some discrete
distributions can be calculated by using these approaches.

Approach- 1 (Binomial Sum). In the discrete case, which yields an expression for F,.. (X) for each possible value x
Of Xr:n

fr:n (X) = I:r:n (X) - I:r:n (X_) (3.1)

Consequently,
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W ) . . .
fon(X) = Z[J([F(X)]'[l— FOAI™ —[FOT - FO"'} (32)

Approach- 2 (Beta Integral Form). It makes use of the form of F,,,(X) given in (2.2) and (3.1),

F(x)
f._(x)=C(r;n) j U (@L-u)""du, 3.3)

F(x-)
4. MOMENTS OF ORDER STATISTICS FROM DISCRETE UNIFORM DISTRIBUTION

Let Xl,XZ,...,X be independent and identically distributed uniform random variables from discrete

n

1 X
population with pmf f (X) = Pe cdf F(X) = e X =1,...,K. Then, from (3.3), pmf of X, can be written

F() x/k
f,0)= [ Cerimu™@-u)""du= [C(r:nu@-u)""du

F(x-) (x=)/k

In particularly, we also have

frn(x)z(k”‘x) _(k‘xj x=12,...k @.1)
k k
x)' (x-1Y
f.(X)= (E) —(Tj ,X=12,...,K. (Ahsanullah and Nevzorov, 2001). (4.2)
Theorem 1:

Let X,, X,,...,X,, be random variables from a discrete uniform distributions and X,,, be 1th order statistics

corresponding to these random variables. Then, m th moment of X,

whenever the moment on the left- hand side is assumed to exist,

k+1—ijn

AR VAR

Proof. If expression in (4.1) of f (X) is written in definition of moment, m th moment of X, ,

M eoymy_om (k+1=x) (k=xY’
Han _E(XJ-'”)_XZ:;X |:( k j [ k Ji|

If the sum on the right- hand side is opened and simplification is made,
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A?—E(xg)ﬂm{[gj —( jn}zm{(klﬂn-("Ezjn}+...+kmﬂ%j"}
RAR -

=" - (-" ](k” j

i=1

=~

Therefore, the proof is complete.

In particular, if m=21and m =2 are taken, respectively,

CE(X,,) = Z[k” j

u® —E(X2) = Z(z 1)(“1 j

(Ahsanullah and Nevzorov, 2001).

Theorem 2.

Let X,, X,,..., X, be random variables from a discrete uniform distributions and X ., be nth order statistics

corresponding to these random variables. Then, m th moment of X whenever the moment on the left- hand side is

assumed to exist,

nn?

)~ E(XD) =S T~ +1)m][%jn K

Proof. Omitted.

In particular, if m=21and m =2 are taken, respectively,
k-1 i n

Hon = E(Xn:n) = Z(_l)(gj +k
i=1

k-1 L \D
;ur(12n) =E(X;,)= Z(—Zi -1) (i] +k? (Turan, 2008).
i—1

Theorem 3.

Let X;, X,,..., X, be random variables from a discrete uniform distributions and X,,, be 1th order statistics

corresponding to these random variables. Then, moment generating function of X,
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it (|—1)t K+1—i "
()= Z[e ( : j

Proof. If expression in (4.1) of f,, (X) is written in definition of moment generating function, m th moment of X, ,

K B _ n _ n
Mx_ (t)zzem (k‘Fl Xj _[k Xj
In ~ k k
-\l () | O | )
k k k k Kk
_ et (Ej +[62t—et](k_1j +l”+|:ekt_e(kl)t](1j
k k k

i o] [k +1—ij“
K

i=1

are obtained. Therefore, the proof is complete.

Theorem 4.

Let I\/I(S) (t) show s th derivative moment generating function of minimum order statistics from discrete
uniform distribution. Then,

M]E;)(t) Ze [Is it 1)se(i—l)t]($jn.

Proof. If sequential derivatives of M., (t) are taken, in Theorem 3, the proof is completed.
Theorem 5.

Let X,, X,,..., X, be random variables from a discrete uniform distributions and X, be nth order statistics

corresponding to these random variables. Then, moment generating function of X ..,

TS T (3 o

Proof. Omitted.

Theorem 6.

Let Mrfsn) (t)show s th derivative moment generating function of maximum order statistics from discrete
uniform distribution. Then,
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k-1 i\"
M & ()= [i*e" (i +1)5e(”l’t](ij +ke.
i=1

Proof. Omitted.
5. RESULTS AND DISCUSSION

Because statistical theory can be easily developed for uniform distribution, make statistical inference about
parameters of uniform distribution is important in terms of statistical theory.

Moments of order statistics are great importance in many statistical problems. The information obtained about the means,
variances and covariances of moment of order statistics enables the evaluation of the expected values and variances of
the linear functions of order statistics.

Obtained algebraic and numerical results for expected values and variances order statistics are applicated in
others department. For example; in a study entitled “Natural selection and veridical perceptions”, Mark et al. (2010) used
the expected values of the sample maximum of order statistics from discrete uniform distributions.
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