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1. INTRODUCTION

Khamsi introduced a metric type space which is a generalization of a metric spaces[3]. Also, he proved some
properties of metric type spaces and some fixed point theorems for a self-map on a metric type space.

The concept of occasionally weakly compatible mappings in metric space was introduced by Al. Thagafi and Shahzad
[2]. Moreover Akkouchi introduced weakly tangential maps studied the well-posedness of the common fixed point
problem for two weakly tangential self- maps on a metric space[1] and we extend the same to 2 — metric type spaces.

2. PRELIMINARIES
Definition 2.1[9] :

A 2 — metric space is a set X with a real valued nonnegative function
6: X xXxX—[0,0) such that
i) foranyx,ye X, (x#Y),there exists a point ze€ X such thato(x,y,z)#0
i) o(x,y,z) = 0if at least two of the points X, y, z coincide.
i) o(x,y,2) = o(x,2,y) = o(y, z,X) = o(y, X, z) (Symmetry)
iv) o(x,y,2) < o(x,y, W) +a(x, w, z) + o(w, y, z), for all x, y, z, w e X (Tetrahedron inequality)
The function o is called 2-metric and (X, o) is called a 2-metric space.

Definition 2.2[10] :

Let X be a nonempty set, K > 1 be a real number and 6 : X x X x X — [0, o) satisfy the following properties
i) foranyx,ye X, (x#Yy), there exists a point z € X such that 6(x, y, z) #0
i) o(x,y,z) = 0if at least two of the points x, y, z coincide.
i) o(x,y,2) = o(x,2,y) = o(y, z,X) = o(y, X, z) (Symmetry)
iv) o(x,y,2) < Klox,y,u) +0(x,u,2)+0(u,y, z)], forall x,y,z,ueX.
then (X, o, K) is called 2-metric type space.

For K =1, 2 — metric type space is simply a 2 — metric space.

A 2 — metric type space may satisfy the following additional property:
v) Function o is continuous in two variables, that is x, — X, y» — y in (X, o, K) imply

o(Xn, Ym»2) > o (X, Y, 2)
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Definition 2.3 [3] :
Let (X, o, K) be 2 — metric type space.

lim
Q) The sequence {x,} converges to x € X if and only if 0 o(Xp, %, 2)=0.
—>

lim
(i) The sequence {x,} is Cauchy sequence if and only if n o(Xn,Xm,2)=0.
—> 0

(iii) (X, 0, K) is complete if and only if every Cauchy sequence in X is convergent.

Lemma 2.4 :
Let (X, o, K) be a 2 — metric type space and {X,}, {y.} be two sequences in X. If {x,} is a Cauchy sequence an
lim
. o(Xy, Yn,2) =0, then {y,} is a Cauchy sequence. Furthermore, if X, — u then y,— u.
—> ©

Proof: For all n, m €N, it follows from tetrahedron inequality
G(Yn- yl’m Z) S K[G(Yn: Xn: Z) + G(Xnv Ym, Z) + G(an ymx Xn)]7
Applying the limit as n, m — oo then o(y,, Ym, 2) = 0, that is {y,} is a Cauchy sequence.
By using tetrahedron inequality, we have
o(yn, u, 2) K[0(Xn, U, 2) + 6(yn, Xn, 2) + 6(yn, U, Xn)]
if X, — uand n — o in the above inequality, we have
lim
o(y,,u,z)=0. this implies y,— u.
n—oo
Definition 2.5.[5] :
Let X be a nonempty set and S, T : X — X be two maps on X.

(i A point u € X is called a coincidence point of Sand T if Su = Tu.
(i) S and T are said to be occasionally weakly compatible if there exists a point u € X which is a coincidence
point of S and T at which S and T commute.

Lemma 2.6:
Let X be a nonempty set and S, T be two occasionally weakly compatible self-maps of X. If S and T have a unique
point u = Sx = Tx, then u is the unique common fixed point of Sand T.

Definition 2.7 :
Let (X, o, K) be an 2 — metric type space and S, T : X — X be two self-maps on X.

lim
i) SandT are said to be weakly tangential if there exists a sequence {x,} in X such that 0 o(Fx,,Tx,,z)=0.
—>» 00

ii) {S, T} is well — posed in the contest of common fixed point theorem is said to be well-posed if

(@ S and T have a uniqgue common fixed point u € X, that is there exists a unique point u € X such that
Su=Tu=u.

(b) For every sequence {x,} in X, if
lim

lim lim
o(X,, Fx,,z)=0= o(X,,TX,, Z) then o(X,, X%, 2)=0.
n— o n— o n— o

3. MAIN RESULTS

Theorem 3.1:
Let (X, 0, K) be an 2-metric type space and S, T : X — X be two maps and y : ([0, «0) x [0, 00)) — [0, ) be a
function such that
(i) o is continuous in each variable;

(i) S(X) is a complete subspace of X;
(iii) v is continuous and vy (t, 0) =0 =y (0, t) for all t € [0, o0);

Asian Online Journals (www.ajouronline.com) 905



http://www.ajouronline.com/

Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 05 — Issue 05, October 2017

(iv) Sand T satisfy the following

o(Tx, Ty, z) < % [bow(o(Sx, Tx, z), 6(SX, Ty, z) ) + b1 6(Sx, Sy, z) + by(c(Sx, TX, z) + o(Sy, Ty, z))

+ bs(6(Sx, Ty, z) + 6(Sx, Tx, z)) Q)
for all x, y, z € X where b; = bj(x, y, ), j = 0, 1, 2, 3, are non-negative functions from which there exist two constants
M >0 and X € [0, 1) satisfying

bo(x,y,z)<M and

bi(X, y, ) + ba(X, Y, ) + 2b3(x, y, z) <A, forall x, y, z € X; 2)
(v) S and T are weakly tangential and occasionally weakly compatible. Then we have
€) Sand T have a unique common fixed point in X;
(b) {S, T} is well- posed in the contest of common fixed point theorem
(c) If S is continuous at the unique common fixed point, then T is continuous at the
unique common fixed point.
Proof: (a)
Since S and T are weakly tangential, there exists a sequence {x,} in X such that
lim
o(Fx,,Tx,,z)=0.
n— oo (3)

For all n €N, put y, = Tx, and u, = Fx,. We shall prove that {y,} and {u,} are Cauchy sequences.
we have

G(yn, Ym, z) = G(TanTXm' Z)
< %[bo Y(o(Sxn, TXn, 2), 6(SXm, TXm, Z) ) + by 6(Sxn, SXm, Z) + ba(c(Sxn, TXn, Z) + 6(SXm, TXm, 2))
+ ba(o(Sxn, TXm, z) + 6(Sxm, TXn, 2))]; by (1)
Where bj = bj(Xn, Xm, z) forj =0, 1, 2, 3.
< % bo w(o(Sxn, TXn, 2), 6(SXm, TXm, 2) ) + by [6(Sxn, TXn, 2) + 6(TXp, TXm, 2) + 6(SXn, TXm, TXp) ]
+% bZ[(G(SXn: TXn, 2) + 6(Sxm, TXm, Z)] + bg[G(SXn, TXn, 2) + 6(Sxn, TXm, TXn) + o(TXp, TXm, Z)

+ 6(SXm, TXm, 2) + 6(Sxm, TXn, TXm) + 6(TXm, TXp, 2)]
Applying the limit as n, m — oo and the fact that y is continuous at (0, 0), using (3),

. lim lim lim
we obtain o(YnsYmr2) < (by + 2by) o(Yn:Ym: 2) < A o(Yn:Ym:2)
n— oo n— oo n—oo

Which is a contradiction.
Since A € [0, 1), i o(Yn,Ym,2) = 0. this proves that {y,} is a Cauchy sequence.
n— o

By Lemma 2:4, we also get {u,} is a Cauchy sequence.
Since S(X) is complete, there exists y = Sv € S(X) for some v € X such that

lim lim
Yn = Wp =Yy =SV (4)
n— o n— oo

Now we will show that y is the common fixed point of S and T. that is to prove Sv = Tv, that is, o(Sv, Tv, z) = 0.
Suppose that o(Sv, Tv, z) > 0.
By (1), we have

o(Txy, Tv, z) < %[bo\l/(G(SXn, TXn, 2), 6(Sv, Tv, z) ) + by 6(Sxp, SV, Z) + by(c(Sxn, TXn, 2) + o(Sv, Tv, 2))
+ ba(o(Sxy, TV, z) + 6(Sv, TX,, 2))] where b; = bj(x,, v, z) forj=0, 1, 2, 3.
< b Y(6(Sxny TXn, 2) , 6(SV, TV, 2) ) + £010(Sy, SV, 2) + = b[(6(Sxn, Ty, 2) + 6(SV, Tv, 2)]
+ b3[o(Sv, Tv, z) + o(Sxp, TV, TX,) + o(Tv, Sx,, z) + 6(Sx,, TXp, Z) + 6(Sx, SV, TX,) + 6(Sxp, SV, 2)]
Applying the limit as n — o, we get

b
oy, Tv. 7)< (- +2b3) o(y, TV, 2) < ho(y, Tv,2)

This is a contradiction.
Hence we get o(y, Tv, z) = 0.
i.e. 6(Sv, Tv, z) = 0. Therefore y = Sv="Tv.

This proves that v is a coincidence point of Sand T.
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Now we shall prove that if there exists w € X with w = Su = Tu for some u € X, thenw =1y.
By applying (1), we have
o(y, w, z) = o(Tv, Tu, z)
< % [bo w(o(Sv, Tv, z), 6(Su, Tu, z) ) + by 6(Sv, Su, z) + by(c(Sv, Tv, z) + 6(Su, Tu, z))
+ ba(o(Sv, Tu, z) + o(Su, Tv, z))]
< %(bl + 2b3) o(y, w, z) < Ao(y, W, z).

Since A € [0, 1), we get o(y, w, z) = 0, that is y = w. By Lemma 2.6, we have y is the unique common fixed point of S
and T.

Proof: (b)
Let y be the unique common fixed point of F and T. For each sequence {X,} in X with
lim lim
o(Xp,Sxp,2)=0= o(Xn,TXn,2)
n— o n— o
®)
To prove

m
o(Xp,Y,2)=0.
n— oo

0 < o(Txp, SXp, z) < 1/K[0(TXpn, SXn, Xn) + 6(TXn, X, Z) + 6(Xn, SXp, 2)]
Applying the limit as n — oo and using (5), we get
lim

Xn,SXn,2) =0.
n_NOO'(rn n.2)

(6)
As in the proof of (a),

For each n €N, put y, = Tx, and w, = Fx,, then {y,} and {w,} are two Cauchy sequences, since S(X) is Complete, there

lim
exists x = Fv for some v € X such that Wp = X.

n— o
By (6) and Lemma 2:4, we have
fm TXp = i SXp =X @)
noow " noe N7

As in the proof of (a), x must be the unique common fixed point of Sand T. It implies that x =y.

lim
From (5), (6) and Lemma 2:4, we have x, — vy, that is 0 o(Xp,Y,2)=0.
—> 0

Proof: (c)
Let y be the unique common fixed point of S and T. For each sequence {u,} with
lim

lim
Up =y =Sy =Ty, we need to prove Tu, =Ty. By using (1)
n— oo n—=>

U(Tun‘ v, z) = U(Tun Ty, z)
< {boW(6(Stn, Tun, ), 6(Sy. Ty, 2) ) + by (Sti, SY, 2) + by(c(Stiy, Ty, 2) + 5(Sy, Ty, 2))
+ ba(o(Suy, Ty, z) + o(Sy, Tu,, 2))] Where b; = bj(un, vy, z) forj=0, 1, 2, 3.
< Ao(Fup, y, z) + Ao(y, Tup, 2),
This imply 0 < (1 — &) o(Tuy, y, z) < Ac(Suy, Y, 2).
Applying the limit as n —oo and using the continuity of S at y,

Asian Online Journals (www.ajouronline.com) 907



http://www.ajouronline.com/

Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 05 — Issue 05, October 2017

. lim L lim . lim
we obtain o(Tup,y,z)=0. This implies Tup =vy.ie Tup =Ty.
n— oo n— o n— o

Corollary 3.2 [4] :
Let (X, o, K) be an 2 — metric type space and S, T : X — X be two self- maps such that

(i) o iscontinuous in all variable;
(if) S(X) is a complete subspace of X;

(ili)  Sand T satisfy the following
o(Tx, Ty, z) < g o(Sx, Sy, z) + % [o(Sx, Tx, z) + o(Sy, Ty, z)] + % [o(Sx, Ty, z) + o(Sx, Tx, z))] (8)
forall x,y,z € X and for some p,q,r>0,p +q+2r € [0, 1);
(iv)  Sand T are weakly tangential and occasionally weakly compatible.
Then we have
(a) Sand T have a unique common fixed point in X;
(b) The common fixed point problem of {S, T} is said to be well-posed;

(c) If Sis continuous at the unique common fixed point, then T is continuous at the unique common fixed
point.

Proof:

Puty (s,t)=0foralls,t€[0,1)and by =0,b; =p,b,=q, b3=1r,M=1, L =p + q + 2r, we get the conclusion by
using Theorem 3.1.

Corollary 3.3 [7]:

Let T be a self map defined on complete 2-metric type space (X, o, K), o is continuous in each variable and
o(Tx, Ty, z) <A o(X, y, z) for some A € [0, 1) and all x, y, z in X. Then T has a unique fixed point in X. Moreover, T is
continuous at the fixed point.

Proof: By choosing S is the identity map and g =r = 0 in Corollary 3.2, we get the conclusion.
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