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ABSTRACT— In this study we promoted some notion of a left almost semiring defined in (Mrudula Devi and Sobha
Latha, 2015) and further established the substructures, operations on substructures of left almost semirings. We also
indicated the non similarity of a left almost semiring to the usual notion of a semiring.
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1. INTRODUCTION

A groupoid S is called a left almost semigroup, abbreviated as an LA-semigroup, if its elements satisfy the left
invertive law [2, 3], that is: (ab)c :(cb)a for all a,beS several examples and interesting properties of LA-

semigroups can be found in [5, 6, 7, 8]. It has been shown in [5] that if an LA-semigroup contains a left identity then it is
unique. It has been proved also that an LA-semigroup with right identity is a commutative monoid, that is, a semigroup
with an identity element. It is also known [2] that in an LA-semigroup, the medial law, that is, (ab)(cd) = (ac)(bd)

for all a,b,c,d €S holds. Now we define the concepts that we will used. Let S be an LA-semigroup. By an LA-

subsemigroup of [9], we mean a non-empty subset A of S such that A? c A

Yusuf in [13] introduced the concept of a left almost ring (LA-ring). That is, a non-empty set R with two
binary operations “+” and “-” is called a left almost ring, if (R,+) is an LA-group, (R,-) is an LA-semigroup and

distributive laws of “:” over “+” hold. Further in [10] Shah and Rehman generalized the notions of commutative rings
into LA-rings. However Shah and Fazal ur Rehman in [10] generalize the notion of an LA-ring into a near left almost

ring. A near left almost ring (nLA-ring) N is an LA-group under “+”, an LA-semigroup under “- ” and left distributive
property of “+”” over “+” holds.
Shah, Fazal ur Rehman and Raees asserted that a commutative ring (R,+,-) we can always obtain an LA-ring

(R,®,-) by defining, for a,be R,a®b=b—a and ab is same as in the ring. Furthermore, in this paper we
characterize the bi-ideal and quasi-ideal ideals in left almost semirings.

2. BASIC PROPERTIES

In this section, we refer to the article of Mrudula Devi and Sobha Latha in 2015, for some elementary aspects
and quote few definitions, and essential examples to step up this study. For more details, we refer to the papers in the
references.

Definition 2.1. [1] A left almost semiring is a triple (R,+,-) of a nonempty set R together with two binary operations

“+” and “-” (called addition and multiplication respectively) defined on R such that the followings hold:
1. (R, +)isaleft almost semigroup.

2. (R,-) isa left almost semigroup.

3. a(b+c) = ab + ac and (b+c)a = ba + ca, forall a,b,ceR.

If R contains an element O such that 0+ X=X and OX=0 for all X R, then O is called the left zero

element of the left almost semiring R. Throughout this paper, R will always denote a left almost semiring with a left
zero and unless otherwise stated a left almost semiring means a left almost semiring with left zero.
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Definition 2.2. A left almost semiring R with a left identity €, such that e-a=a forall a € R, is called a left almost
semiring with a left identity.

Proposition 2.3. Let R be a left almost semiring with left identity. Then RR =R and R =eR = Re.

Lemma 2.4. [4] Let R be a left almost semiring. Then (ab)(cd) = (ac)(bd), forall a,b,c e R.

Definition 2.5. [4] A nonempty subset S of a left almost semiring R is said to be a left almost subsemiring if and only
if S isitself a left almost semiring under the same binary operations as in R.

Lemma 2.6. A non empty subset S of a left almost semiring R is a left almost semiring if and only if a+beS and
abeS forall a,beS.

Definition 2.7. [4] A left almost subsemiring | of a left almost semiring R is called a left ideal of R if Rl < I, and
| is called a right ideal of R if IR < | and is called two sided ideal or simply ideal of R if it is both left and right
ideal of R .

3. QUASI-IDEALS IN LEFT ALMOST SEMIGROUPS

The results of the following lemmas seem to play an important role to study left almost semirings; these facts will be
used frequently and normally we shall make no reference to this lemma.

Lemma 3.1. If R is a left almost semiring with a left identity, then (@) =aR isaleft ideal of R, where a € R.

Proof. Let t e R and ar,ase(a). Then ar+ar =a(r+s)eaR =(a) and t(ar) =a(tr) eaR =(a) so (a)
is a left ideal of R.

Proposition 3.2. Let R be a left almost semiring with a left identity and let A be a left almost subsemiring of R. Then
(A:R) isaleft almost subsemiring in R, where (A:R)={r e R:Rr c A}.

Proof. Let R be a left almost semiring and let A be a left almost subsemiring of R. Suppose that t € R and
r,se(A:R). Then Rr c A and RS < A so that

R(r+s)= Rr+Rs

A+ A
= A

In

and
R(rs)

r(Rs)
rA
= A
Then (A:R) is a left almost subsemiring in R.

In

n

Lemma 3.3. Let R be a left almost semiring and & # X < R. If <X > = {Z X i X € X}, then <X> is a left
i=1

almost subsemigroup of (R, +).

n m
Proof. Let R be a left almost semiring and X, Y e<X>. Then X:zxi and Y :Zyi where X, Y, € X. If
i=1 i=1

N = m, then
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X+Yy

Il
=<
+
™M
<

X+ %) 45 )+t X )+ (VYo )+ Ya) +oot Vi)
X

((Cy
+X,)+X, ) +( (0+0)+...+0) +yl)+y2)+ +ym)
((0+0)+...+ +y1)+ +Ym1)) (X, + Ym)

((
(
)+t (Xas+ Yia))+ (% +¥0)
)
)+

Xn+ym

(
X+ %, )+, )+ &J+(
X, X, )+ X; )+ 0+m+o) (

X+ %)+ (04+0))+ (% +0)) ot (Xyra + Vs ) )+ (%, + Vi)
X (s + Yora) )+ (% + Vi)

+0)+(x2+0 x3+0) oot (X Y

= Z (% +Yy) €(X).

Hence (X ) is a left almost subsemigroup of (R,+).

Proposition 3.4. Let R be a left almost semiring with left identity and & # X,Y,Z < R. Then

1. Xg<X>,

2. XY = (XY),

3.if X <V, then (X) =(Y),
(XY ={(X)u(r)),

1
Proof. 1. Let X € X. Then X = » X, €(X), where X, =X sothat X = (X).
i=1
2. This follows from 1.
n n
3. Suppose that X < Y. Let Xe(X). Then X=in, where X, € X Y, so that X:ZXi =(Y).
i=1 i=1

4.By 1, wehave X < (X) and Y =(Y). Then X UY = (X )U(Y) sothat (X LY )< ((X)U(Y)).

Conversely, let x € ((X)U(Y)). Then X:ixi where X € (X)U(Y) so that x e(X) or X e(Y).

i=1

m k
Therefore X; = Zai or X =Zbi where @, € X,b, €Y. This implies that X is a finite sum of elements from X or
i=1 i=1

Y. Hence ((X)U(Y)) = (X UY)so (X UY)=((X)U(Y)).
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5. By 1, we have X c< > Then XY <X>Y so that < >g<<X>Y>. Conversely, let X€<<X>Y>.

3

n m
Then X:Z:Zi where Z; e<X Y so that Z; (Za,jb Zab This implies that X is a finite sum of elements

i=1 i=1 i=1

from XY. Hence <<X>Y>g < (X) > Similarly, <XY>=<<X>Y>=<X<Y>>=<<X><Y>>.

6. By 5, we get (XY )Z) = <<xv>z> (Z(¥x)).
7. Since XNY <X and XNYcY, we get (XNY)c(X) and (XNY)c=(Y) so that

(X NY)=(X)N(Y). Conversely, let xe(X)(Y). Then xe(X) and xe(Y) so X:Zn:xi and

m n m
X= Zyi where X; € X, Y; €Y. Therefore ZXi :Zyi where X; € X, Y; €Y. This implies that X is a finite

i=1 i=1 i=1

sum of elements from X and Y. Hence (X) (Y} (X NY) so (X)(Y)
8. Let X & (X )(Y). Then

X = inzyi
_ (((x1+x2) X;)+.. +x)iyI
= Xlgyi+ngyij+xsiyl +...+xniyi

= iZml:wi+iZmllxzyij+ sy.]+ +ny.
= gxlyi—i—gxzyi +| X3y|j+ +ny|
€ ((<X1Y>+<X2Y>)+<X3Y>)+ (%Y

(((xy +<XY>)+...+<XY>
= <XY>

where X, € X, y; €Y. Hence (X )(Y )= (XY).

9. Clearly, <R> =R.

(X NY).

o

Theorem 3.5. Let R be a left almost semiring with left identity and A, B be LA-subsemigroups of (R, +). Then
1. A isaleftideal of R ifand only if (RA) = A,
2. B isanideal of R ifand only if (BR) = B.

n
Proof. 1. Suppose that A is a left ideal of R. Let X € (AR). Then X = Zairi where 8, € A,I; e R. But RAC A,
i1

n
we get so that X = » X.I € A. Hence (RA) < A. On the contrary, suppose that {RA) < A. Then by Proposition
11
i=1

3.4, we get RAc (RA) A Hence A is a left ideal of R.
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n
2. Suppose that B is an ideal of R. Let X & (BR). Then X :Z:I‘ibi where b, € B,r, e R. But BRc B, we
i-1

n
get so that X = Z rb, € B. Hence (BR) = B. On the contrary, suppose that (BR) < B. Then by Proposition 3.4,
i=1

we get BR < (BR) < B. Hence A isan ideal of R.

Definition 3.6. Let R be a left almost semiring. A left almost subsemiring Q is called a quasi-ideal of R if

QRNRQcQ.

Proposition 3.7. Let R be a left almost semiring with a left identity and & # X < R. Then
1.if | isaleftideal of R, then | isa quasi-ideal of R,

2.if |, is a quasi-ideal of R, then n I, isa quasi-ideal of R,
iep
3.if A isa left ideal and B a right ideal of AN B, then BAc (BA)= ANB and AN B s a quasi-
ideal of R,

4. {XR) isaleft ideal of R,
Proof. 1. Suppose that | is a left ideal of R. Then by Theorem 3.5, we get RI g(RI > cl, so
RINIR=(RI)N(IR) = (RI) < I. Hence | is a quasi-ideal of R.
2. Suppose that |; is a quasi-ideal of R. Then RI, W I,R  I.. Since

(o) - (om (e

< RILNIER
c |
we get R(ﬂli}m(ﬂlingﬂli. Hence nli is a quasi-ideal of R.
iep iep ief iep

3. Suppose that A is a left ideal and B a right ideal of R. Then BAc RAc A and BAc BR < B so that

BAc ANB. Let X (BA). Then X:Z:biai where ba; € BA sothat ba, € A and ba, € B. But A, B are

i=1
n n
LA-subsemigroups of R, X =Z:biai €A and X =Z:biai €B so it implies that Xe ANB. Thus
i=1 i=1

BA < (BA) = AN B. Toshowthat AN B is a quasi-ideal of R. Consider
(R(AnB)) = (RANBR)

(RA)

A

IN

IN

and

((AnB)R) (RANBR)
(BR)
c B.
Then (R(ANB))((ANB)R) = ANB. Hence AN B isa quasi-ideal of R.

4. Toshowthat R(XR) < (R(XR)). Let rxe R(XR). Then

IN
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>

rx_rz ler Zx(rr e (XR)
)=

so that R<XR>g<R(XR)>. Consider R ( R(XR) > <X(RR)>=< R). Thus <XR> is a left ideal of

R.

4. BI-IDEALS IN LEFT ALMOST SEMIRINGS

We start with the following theorem that gives a relation between quasi and bi-ideals in a left almost semiring.
Our starting point is the following definition:

Definition 4.1. Let R be a left almost semiring. A left almost subsemiring B of R is called a bi-ideal of R if
(BR) BcB.

Theorem 4.2. Let R be a left almost semiring with left identity and A a left ideal of R. If B is a quasi-ideal of A,

then B is a bi-ideal of R.
Proof. Let B be a quasi-ideal of A. Consider

(BA)B

Il
—_
vs}
—~~
>

Then B is a bi-ideal of R.

Theorem 4.3. Let R be a left almost semiring with left identity. If B is a quasi-ideal of R, then B is a bi-ideal of R.
Proof. Let B be a quasi-ideal of R. Consider
(BR)B

Il
—_
vs}
—~~
X
Py

Then B is a bi-ideal of R.
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Proposition 4.4. Let R be a left almost semiring with a left identity. If B is a bi-ideal of R, then <BZ> is a bi-ideal of
R.

Proof. Let B is a bi-ideal of R. By Lemma 3.3, we have <Bz> is a left almost subsemigroup of (R, +). Then, by the
Definition of a bi-ideal, we get

(B)B%) <= (B°8°)
(

and

= (R
< (ew)e
= ((e)r)e)
= ((e)e)e)
= (BB)
(3

Thus (BZ> and is a bi-ideal of R.

Theorem 4.5. Let R be a left almost semiring with a left identity. If A is a left ideal and B is a bi-ideal of R, then
<BA> and <AZB> are bi-ideals of R.

Proof. By Lemma 3.3, we have <BA> and <AZB> are left almost subsemigroup of (R, +). Consider
(BA)(BR) < ((BA)(BA)

= ((BB)(AA))

and

((BAYR)(BA) = ((BA)(R))(BA)
<

n m N N
/—\a

> >

=

c <BA>.
that is, <BA> is a bi-ideal of R. To show that <AZB> is a bi-ideal of R, let consider

(AB)(A’B) < <(AZB)(AzB)>
= <(A2A2)(BB)>
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—  m
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