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ABSTRACT---- In this paper, we study the J g -simple left restriction - semigroup using the Bruck-Reilly extension
BR(M, 0) of a monoid M determined by a morphism 6. In particular, we characterize the Green’s ~ -relations in
BR(M, 0). Consequently, we prove that BR(M, ) is a J  -simple left restriction w- semigroup.
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1. INTRODUCTION

As noted by Howie [6], the Bruck-Reilly extension BR(M, 6) of a monoid M determined by a morphism 6 completely
defines a bisimple inverse w-semigroup. Earlier results by Asibong-1be [1] described *-bisimple ample w- semigroup as a
kind of Bruck-Reilly extension over a cancellative monoid. Asibong-Ibe [2] proved that a similar result in [1] holds for *-
simple ample w- semigroup. Further investigation by Yu Shang and Limin Wang [7] also described *-bisimple ample I-
semigroup as a generalized Bruck-Reilly extension of a monoid determined by a morphism.

Gould [5] introduced a wider class of inverse semigroups which stems from the left ample semigroup of Fountain [3] via
the route of replacing the relations R* in a semigroup S by those of R  (making reference to a specific set of idempotent E,
which may not be the whole of the idempotents E(S)). This class of semigroup is known as left restriction semigroup. Now
since BR(M, 0) defines the *- bisimple ample w-semigroup and *-simple ample w-semigroup, it is natural to ask whether
BR(M, 8) also defines the left restriction semigroup. In this paper, we focus on showing that BR(M, 8) is a J 5 -simple left
restriction w- semigroup.

2. PRELIMINARIES

In this section we recall some definitions as well as some known results which will be useful in the sequel.

Definition 2.1. Let S be a semigroup and let E < E(S) (E is the distinguished semilattice of idempotents).
Let a, b € S, we have following relations on S

aRph © V eecE, ea=a ©@eb=»b

afEb & VeeE, ae=a ©be=b

aDgh & 3JceS suchthat al pcRph thatis Dy=LpVv Rp.

Definition 2.2. Let S be a semigroup. Then S is said to be left (right) ample if
i) everyelement a €S is R*(L£*) — related to an idempotent, denoted by at (a*)
ii) forallae Sandall e e E(S),
ae = (ae)ta (ea=a(ea)" ).

Definition 2.3. Let S be a semigroup and let E € E(S). Then S is said to be left (right) restriction semigroup if
i) E isasemilattice
i) every element a € Sis R (L ¢)- related to an idempotent of E, denoted by a* (a*)
iii) the relation R ; (£ ;) is a left (right) congruence
iv) the left (right) ample condition holds:

ae = (ae)ta ( ea=a(ea)" ).

Definition 2.4. Let S be a left (right) restriction semigroup. A left (right) ideal | of S is said to be a ~ - left (right) ideal if it
is the union of R 5 (L ) -classes, that is, if aelthen R, (L',) < I. The smallest ~ - left (right) ideal containing a which
is the union of D j -classes is denoted by J (a). We define the relation JzonSby aJ b < J(a) = T (b). A left (right)
restriction semigroup S is said to be J -simple if J  is the universal relation.

Lemma 25 [4]. Let S be a semigroup and a,beS. Then beJ(b) if and only if there are elements
Ag, Ay, ey Oy € S,X1, X2, vy X, V1, Var s Y € ST such that a = ag, b = a,, and ;D g x;a;_1y; , fori=1,2,...,n.

Lemma 2.6 [3]. Let S be a semigroup and e be an idempotent in S. Then the following are equivalent for a € S.
i) aR%e
ii) ea = a,and forall x,y e S, xa = ya implies xe = ye.
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Lemma 2.7 [5]. Let S be a semigroup and E € E(S), let a € S, e € E. Then the following conditions are equivalent:
i) aRgpe
ii) ea=aandforall feE,fa=a = fe=e.

In a similar way to the *-relations, the ~ -relations are also related to the Green’s relations as follows:

Lemma 2.8 [5]. In any semigroup S we have R € R* € Ry . If Sis regular, and E = E(S) then Ry S R and so Ry € R".

Dually we have £ € L* € L, and if Sis regular, and E = E(S) then £; € Landso £y S L*.

3. BRUCK-REILLY EXTENSION OF A MONOID

Let M be a monoid with identity e and 6 : M — M be a morphism. Let 8° be the identity map on M and S = BR(M, 6)

consist of set S = N% x M x N° (where N° denote the set of non-negative integers) with multiplication defined by the rule
(m,x,n)(p,y,q) =(m—n+tx0""y0"P,q—p+t)

where t = maxifh, p), for (m, x,n), (p,v,q) € S.

This construction is a generalization of constructions by Bruck and Reilly, thus BR(M, 8) is known as the Bruck-Reilly

extension of a monoid determined by morphism.

Proposition 3.1 [6]. BR(M, 6) is a semigroup.

It is also important to note that the idempotents of BR(M, ) are of the form (m, e, m) where m e N° and e € E(M).
Proposition 3.2 [6]. BR(M, 6) is regular if and only if M is regular.

From Proposition 3.2 [6], we know that BR(M, ) is an inverse semigroup.

Proposition 3.3 [6]. Let (m,x,n),(p,y,q) € BR(M,0). Then

i) (mxn)R@yqem=p

i) (mx,n)L(p,yq en=gq

Asibong-1be [1] considered the *-bisimple ample w-semigroup and proved that they are isomorphic to certain generalized
Bruck-Reilly extension BR*(M, 0) of a cancellative monoid M where 6 is a morphism. Below are some of his results.

Proposition 3.4 [1]. Let M be a cancellative monoid with identity e and 8 : M - M be a morphism. Let (0, e, 0) be the
identity of BR*(M, 8). Then for (m, x,n), (p,y,q) € BR*(M, 6)

) (mxn)R(pyq em=p

i) (m,x,n) L*(p,y,q) ©&n=gq

Proposition 3.5 [1]. BR*(M, 9) is left ample.

Yu Shang and Limin Wang [7] considered a similar construction of the Bruck-Reilly extension of a monoid. They used this
construction to give a structure theorem for *-bisimple ample I-semigroup. Below are some of their results.

Construction 3.6. [7]. Let M be a monoid with identity e and 6 : M — M be a morphism. The set S = GBR*(M,0) =1 X
M x I (where I denotes a non-empty set) with multiplication defined by the rule
(m,x,m)(P,y,q) = {(m'x'f"_lp"”'yfn " Fipard = 1) frn=p

(m—n+p fmx0P ™ fy 0. ,q) ifn<p
(where @° is the identity map on M, f,, = e is the identity of M) forms a semigroup. This semigroup is called the
generalized Bruck-Reilly *-extension of M determined by 6.

Remark 3.7. The idempotents of GBR*(M, 8) are of the form (m, e, m), where m eN°,

Lemma 3.8 [7]. Let (m, x,n), (p,y,q) € GBR*(M, 8). Then
) (mx,n)L(pyq) &n=q
i) (m,x,n)R*(p,y,q) &m=p

4. J g - SIMPLE LEFT RESTRICTION w-SEMIGROUP

In this section, we show that BR(M, 8) is a jE- simple left restriction w-semigroup. But first, we need the definition of a
strong semilattice of monoids, which is taken from [6].

Definition 4.1. Let M be a semigroup which is the disjoint union of monoids M,,, where the indices « form a semilattice Y.
Suppose that for all @, 5,y, MMz S M,z Then M is called a semilattice Y of monoids M, where « €Y. Furthermore,

consider a, B € Y where a > B.Let @, : M, > Mg be amonoid morphism such that :

i) Qoo =1idy, forallaeY
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ii) fora,B,yeY, where a > >y, @ap®p, = Pay -

Then ¢, 4 is called a connecting morphism. Furthermore, if for all x,y € M where x € M, and y € Mg we have that

x.y = (xPaap) VPp.ap)
Then M =[Y, M; @qp] is called a strong semilattice ¥ of monoids M,, with connecting morphisms ¢, g.

It can be easily shown that (M,.) is a semigroup with identity e, and the multiplication on M extends the multiplication in
each M,.

Proposition 4.2. Let M = U%Z} M, be a strong semilattice of the monoids M, where d e N°, the indices a form a chain
0>1>-->d—1and the connecting morphisms are all monoid morphisms. Let 68 : M — M, be a monoid morphism and
E={(me,m):meN’0<a<d-— 1} where e, is the identity of M,. Then for any (m,x,n), (p,y,q) € BR(M, 8) we
have

) mx,nR;py.q ©@m=p,and x,yeM, .

i) (mx,nNLz(pyq n=gqand x,yeM,.

iii) (m,x,n)Dz(p,y,q) © x,yeM,,50BR(M,0) hasd D j - classes.
iv) (m,x,n)J g(p,y,q). Thatis, J  is the universal relation.

Proof. i)
= Let(mx,n)Rz(p,y,q), Where x e M, and y € Mg for some a and . Then for (m,e,,m) € E
(m,e,, m)(m,x,n) = (M —m+t,e, 00 ™x0 ™ n—m+t;)) = (m,x,n)
where t; = max (m,m) =m
(m,eq, m)(p,y,q) = (M —m + ty,6,02"y027P,q —p +t3) = (0,¥,9)
where t, = max (m,p)
If m < p, this gives
(t2,€,07"y0% P, g —p+t) = (0,Y,9)
Comparing the first coordinates gives t, = p
Similarly if p < m, this gives
(tz.e,¥0P,q—p+t) =Dy,
Comparing the first coordinates gives t, =m =p
Sowe havethat m =p = e, 8%2™™ = ¢,.
We know that e, € M, ,y € Mg, SO €,y € Miyaxin 5y = max (@, ) = B, thatisegx =x = f < a. Thusm=p anda =
B.
& Let m=p, x,yeM, and (l, eg, l) € E be such that
(l, eﬁ,l)(m, x,n) = (l -1+ t3,eﬁ9t3’1x9t3’m,n -m+ t3) = (m,x,n)
where t; = max (I, m)
Then necessarily [ <mand g < a.
(Leg,)(my,q) = (m,e6™ 'y, q) = (m,y,q)
Similarly, it is easy to see that for (k, ez, k) € E, we have
(k.eg, ), y,0) = @, 5,9,
,(]f' eﬁ,k)(p, x,n) = (p,x,n).
Thus (m,x,n) R ¢ (p,y,q).
ii) The proof is similar to i).
iii)
= Let (m,x,n)D g(p,y,q). Then there exists an element (m, x, q) e BR(M, 8) such that
(mx,m) R p(m,2,9) L, y,9)
Clearly, it follows that x,y, z € M, for some a.
& Let x,ye M,,then clearly we have
~ (mr X, n) Fj{E(ml X, q)fE(p' Y, q)
Thus (m,x,n) D (p, v, q).
iv) Let (m, x,n), (p,y,q) € BR(M, 8) where x € M, and y € M. Then we have
(Pegm+1)(mx,n)=P—(n+1)+t,e6 ™ x0"™ n—m+1t)
=(p e(x0),n+1)
where t = max(m + 1,m) = m + 1. Obviously ez (x6) € My. Then
(p! e[)’(xe)!n + 1)5E(P'Y:Q)
In the same way (m, e, p + 1)(®,¥,q9) D g(m, x,n).
Thus (m,x,n) J ¢ (p,y,q). It now follows from Lemma 2.5[4] that BR(M, ) is J - simple.

Proposition 4.3. BR(M, ) is left restriction

Proof. We have to check that the conditions of Definition 2.3 hold.

First we show that the elements of E commute. So for m,n e N°, we have
(m,e,,m)(n,ep,n) = (Mm—m+1t,e,0 ™6 ™", n—n+t)

Asian Online Journals (www.ajouronline.com) 615




Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 03 — Issue 05, October 2015

= (t,e,0" e80T t) = (t,e,0" g5, 1)
= (n, eﬂ,n)(m, €y, m)
where t = maxi{fm, n).
To show that (m, x,n) R g (m, e,, m), we have
(m,e,,m)(m,x,n) = (M —m+ty,e,00 "x0" ™ n—m+ty)
= (t1,e,0%°x0%n) = (m,x,n)

where t; = max(m,m) =m

For (p, eﬁ,p) €E,

(p.eg.p)(m,x,n) = (Mx,n) = (P—p+tpe02Px02 ™, n—m+1t,)
= (ty,x02 ™, n—m+t,) = (m,x,n), t, =maxi{p,m)
= t,=m,
= (p. 5, p)(m, e,m) = (m, eq,m)

So (m,x,n) Ry (m,e, m) and we let (m, x,n)" = (m, e,, m).

To show that R j is a left congruence, let (m, x,n), (p,y,q) € BR(M, 6)

(mrxrn)pja{E (errQ) = (m'x'n)f = (p,y,q)T
= (m: ealm) = (pr eﬁ’!p)
S m=p
So (mx,M) Ry (py,q) =m=p
= max(z,m) = maxi{z,p) , for ze N°
= k —z + max(z,m) = k — z + maxi{z, p), for k, z € N°

t t
= ((k, c, Z)(Tfl, X, n)), = ((k: ¢.z)®y q))
= (kr Cﬁ)(mr X, n) R E(k' (o Z)(p, bz q)
forany (k,c,z) e BR(M, 0). Thus R  is a left congruence.
By Proposition 3.5[1], the left ample condition hold and so BR(M, 0) is left restriction.

Let E = {f,: « e N°} be the distinguished semilattice of idempotents, where f, < fg ©a=p foralla,fe NO. Then
E iscalled C,, that is, C,, is a descending chain
fo>fi>f>
If S is a left (right) restriction with distinguished semilattice of idempotents E, then S is said to be an w-semigroup if E is
isomorphic to C,, .

Proposition 4.4. BR(M, 0) is an w-semigroup
Proof. Let (m,e,, m), (n, eﬁ,n) € E where m > n. Then
(m, ea,m)(n, eﬁ,n) = (m, I (eﬁBm_"),m) = (m,e,, m)
since (eg6™ ™) is the identity of M, so we have (m, e,,m) < (n,eg,n). Alsoif m = nand a > B, then we have
(m, ea,m)(m, eﬁ,m) = (m, eaeﬁ,m) = (m,e,, m)
So that (m, e,,m) = (m, eﬁ,m) & m<n, orif m=n anda < B.So E is the chain
(0,ep,0) > (0,e4,0) > - > (0,e4_1,0)

> (1,e9,1) > (1,e1,1) > > (1,e4-1,1)

> (2,e9,2) > (2,e1,2) > > (2,e4-1,2)

> e
Thus BR(M, 8) isa J ; -simple left restriction w-semigroup.

Hence, we get the following conclusion:

Theorem 4.5. Let M = UZZ§ M, be a strong semilattice of the monoids M, where d e N°, the indices a form a chain
0> 1> -->d—1and the connecting morphisms are all monoid morphisms. Let 8 : M —» M, be a monoid morphism and
E={(me,,m): meN’0<a<d-—1}where e, is the identity of M,. Then BR(M, ) isa J 5 -simple left restriction
w-semigroup.
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