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ABSTRACT— The purpose of this paper is to introduce the notion of a I" -Cl-algebras, we study I" -filters, I" -self-
distributives, I -transitives, upper sets and I -left-right f-derivations in 1" -Cl-algebras. Some characterizations of
I" filters, upper sets and I -left-right f-derivations are obtained. Moreover, we investigate relationships between I -
filters, I" -self-distributives and I -transitives in 1" -Cl-algebras.
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1. INTRODUCTION

In what follows, let X denote a Cl-algebra unless otherwise specified. By a Cl-algebra we mean an algebra
(X ;*,1) of type (2, 0) with a single binary operation * * ” that satisfies the following identities: for any X, Y, Z € X,
1. X*xx=1,
2. 1xx=X,
3. xx(y*z)=y*(x*2)

In, 2006 , H. S. Kim and Y. H. Kim defined a BE-algebra [8]. Biao Long Meng, defined notion of Cl-algebra as a
generation of a BE—algebra BE-algebras and Cl-algebras are studied in detail be some researchers (A. Borumand Saeid
and A. Rezaei, 2012) and (B. Piekart and A. Andrzej Walendziak, 2011) some fundamental properties of Cl-algebra are
discussed.

In this paper is to introduce the notion of a I -Cl-algebras, we study I  -filters, I"-self-distributives, 1" -

transitives and upper sets in 1" -Cl-algebras. Some characterizations of I -filters and upper sets are obtained. Moreover,
we investigate relationships between I -filters, I" -self-distributives and I" -transitives in I"-Cl-algebras.

2. BASIC PROPERTIES

In this section we refer to [12] for some elementary aspects and quote few definitions and examples which are
essential to step up this study. For more detail we refer to the papers in the references.

Definition 2.1. [12] Let X and I" be any nonempty sets. If there exists a mapping X xI'x X — X written as
(X,7,y) by Xyy , then (', X;1) is called a I" -Cl-algebra if

1. Xyx = 1l forall Xe X and y eI,

2.1lyx = X forall Xxe X and y €T,

3. xy(yBz) = yr(xpz)
forall X,y,ze Xand y,Bel.
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A T -Cl-algebra (T',X;1) is said to be I -self-distributive if Xy(ySz) = (xyy)B(xyz) for all
X,¥,ze X and y,fel.

Example 2.2. [12] Let (F,X;l) be an arbitrary Cl-algebra and I any nonempty set. Define a mapping
XxI'x X — X, by Xyy=Xy forall X,ye X and y €. Itiseasytoseethat X isa I"-Cl-algebra. Indeed,

1. XyX = XX = 1,
2. Iyx = 1Ix = X,
3. xy1 = x1 = X,
4. xy(yp2) = x(y2) = y(x)

forall X,y,Z€ X and y, 8 €. Thus every Cl-algebra implies a I"-Cl-algebra.

Example 2.3. [12] Let X ={1,a,b} in which “-” is defined by
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Then X isnot a Cl-algebra. Let I" # J . Define a mapping X xI'x X — X by Xyy=Y-X forall X,y € X and
y €I . Then X isa I"-Cl-algebra. Indeed,
1. XyX = (x-x)-(x-x)
- 11

2. Iyx = x-1

4. xy(ypz) =

forall X,y,z€ X and y, 8 €I". Therefore X isa I"-Cl-algebra.

Lemma2.4. [12] Let X bea I"-Cl-algebra. Then Xyy =xgy forany X,ye X and y,B el .

Proposition 2.5. [12] Any I"-Cl-algebra X satisfies forany X,y e X and y, S, €T, y}/I:( yax)ﬂx] =1
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Proposition 2.6. [12] Any I'-Cl-algebra X satisfies forany X,y € X and y, ST, (xy1) B(yr1)=(xyy)p1.

Proposition 2.7. [12] Let X be a I'-Cl-algebra. If Xy(XBy) = xBy for any X,ye X and y,f eI, then
xyl=1.

3. I'-FILTERS IN I -CI-ALGEBRAS

In this section, we study " -filters, I -self-distributives, I -transitives, I" -self-distributive and upper sets in
1" -Cl-algebras.

Definition 3.1. Let X bea I"-Cl-algebraand F anon-empty subset of X . Then F issaid to bea I" -filter of X if
1.1leF,
2.1f XxeFand XyyeF ,then yeF .

Proposition 3.2. If F, forall i €| are I -filters of X , then ﬂF, isa [ -filter of I" -Cl-algebra X .
il

Proof. Straightforward.

Proposition 3.3. Let F be a subset of I"-Cl-algebra X . Then F is a I -filter of X if and only if for any
a,beF,y,pel and xe X ,if ay(bpx) = 1,then XeF.

Proof. Let F bea I -filter of I"-Cl-algebra X . Assume that a,be F,y,fel"and X € X such thata

ay(bpx) = 1leF.
By Definition 3.1, we have XeF. For the converse assume that for any a,beF,y,fel’ and Xe X,
ay(bpx) = 1 implies that X F. Suppose that a XeF and XyyeF. By Proposition 2.5, we have
ay[(afx)ax] = 1.Then X e Fandhence F isa I" filter of X .

Definition 3.4. Let X bea I"-Cl-algebraand let a€ X,y eI". Define A(ay) by
A(ay)={l}u{xe X :ayx=1}

Then we call A(ay) the initial section of the element a.

Lemma 3.5. Let X be a I -self distributive I" -Cl-algebra and Xxyy =1 forall X,ye X, y el .If xe A(ay),
then y € A(ay).
Proof. Let X be a I - self distributive I"-Cl-algebra X and Xyy =1 forall X,ye X,y €I . Since X € A(a;/),
we have ayX=1.Let a€ Aandlet X X . Then

ayy = ar(18y)
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This implies y € A(a;/) :

Lemma3.6. Let X bea I'-self distributive I"-Cl-algebra. Then A(ay ) isa I -filter of X .
Proof. Let X be a I"-self distributive I"-Cl-algebra. By Definition 3.4, we have 1€ A(ay). Let x e A(ay) and
xBy € A(ay). Then ayx =1 and ay(xBy)=1 so that
ayy 15(ayy)
(arx)S(ary)

= ay(xpy)
= 1.
This implies y € A(ay) and hence A(ay)isa I filter of X .

Proposition 3.7. Let X be a I -self-distributive I"-Cl-algebraand let X,y,y € X,y, el .If zy(xBy) = 1 and
ZyXx = 1,then zyy = 1.

Proof. Let X bea I"-self-distributive I -Cl-algebraand X,y,y € X, 7, 8 €I . Suppose that zy(xfy) = 1 and
ZyX = 1.Then

18(zry)

(zrx)B(27y)

2y (XBY)

1.

Zyy

Hence zyy = 1.

Theorem 3.8. Let X bea I"-Cl-algebra, F a T -filterand x e F, €". Then A(xy)< F.
Proof. Lety € A(Xy). Then we have Xyy = 1. Since F isa I'-filter of X and Xe& X, we obtain yeF .
Therefore A(X;/) cF.

Definition 3.9. A I'-Cl-algebra X is said to be I -transitive if for all X,y, ze X and y,a,fB,0,A€l",
(yrz)e((xBy)o(xAz)) = 1.

Proposition 3.10. If X isa I -self-distributive I"-Cl-algebra, then it is I -transitive.
Proof. Forany X, y€ X and y,a&, 5,0,4 €I", we have

(yr2)a((xBy)6(x12)) (Yyr2)a((xBy)6(xp2))
= (Yyr2)a(xp(ys2))
= xa((yr2)5(ys2))

= Xa((yoz)f(yoz))
= Xal
= 1.

Hence X isa I -transitive.
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Definition 3.11. Let X bea I"-Cl-algebraand let a,b € X,y, f €. Define A(ay,bﬂ) by
A(ay,bB)={1} U{xe X :ay(bBx)=1}.
We call A(ay,bﬂ) an upper setof @ and b

Lemma3.12. Let X bea I'-Cl-algebraand F bea I'filterof X . If ayl=1,then1e F,, = {x : ayxeF},
forany Xe X and y €I
Proof. Suppose that F isa I"-filter of X . Since 1=ayl, we have 1€ F, .

Theorem 4.13. Let X bea I" -self distributive I"-Cl-algebraand F bea I"-filter of X . If ayl=1,then F  isa

I filter, forany Xe X and y €.
Proof. Suppose that F is a I"-filter of X . By Lemma 3.12, we have 1€ F, . Assume xe F, and xByeF, .

Then ayx e F and ay(xAy)e F . We have
ay(xpy) = (arx)B(ary)

sothat ayy € F . Therefore y € F, and hence F, isa I -filter of X .

a

Corollary 3.14. Let X be a I'-Cl-algebra and F be a I" -filter of X . If ayl=1, then A(ay)g F,, . for any
XxeX and yel.
Proof. Suppose that F isa I"-filter of X . Let X A(ay),for any Xe X and y €I' . Then ayx=1eF so that

xeF, . Hence A(ay)cF,, .

4 I'-LEFT-RIGHT DERIVATIONS IN I'-CI-ALGEBRAS

In this section, we introduce a relation “<”on X by X< ifand only if Xyy=1forall y €.

Remark Let X bea I"-Cl-algebra X ,a,b,x € X andlet y, 8T Then
1.y <[(yax)px]
2. xe A(ay) < asx
3. xeAlay,bp) < a<(bpx).

Lemma4.1. Let X bea I"-Cl-algebraand let X € X . If 1< X, then X =1.
Proof. Suppose that X isa I"-Cl-algebra. Since 1< X, we have 1yX =1. By Definition 2.1, we have 1yX = X. Then

x=1.

Lemma 4.2. Let X be a I"-Cl-algebra. If X is a I -transitive, then for all X,y,ze X,y,Be€l’, then y<z
implies that X4y < XyZ.
Proof. Suppose that X isa I -transitive, X,Yy,Z € X and let 7, S, €T". Since X <y, we have Xy =1. Then

(xBY)A(xyz) = (XBY)A(xrz)
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15[ (xBy)A(xr2)]

(vaz) [(%6y) A(x72)]
1.

Hence XYy < Xyz.

Proposition 4.3. Let X be a I" -self distributive I" -Cl-algebra. Forall X,y,z € X and y, S, €T if Xy1=1, then
1.if X<y, then zZyx<zyy,

2. yyz < (XBy)y(xaz).
Proof. Let X bea I"-self distributive I" -Cl-algebra, X,y,z€ X and 7, S, €.
1. Suppose that X < 'Yy. Then XYy =1. We have
(zrx)a(zyy) zy (xay)

= zy(xBy)
= zy(xyy)
= z71
= 1.

Hence ZyX < Zyy.
2. Now consider
(yr2)sl(xBy)y(xaz)] = (yrz)sl(xBy)y(xp2)]

= (yr2)olxp(yyz)]
= xol(yrz)A(yyz)]
= X0l
= 1

Hence yyz < (XBY)y(Xaz).

Proposition 4.4. Let X be a I"-Cl-algebra and F be a I -filter of X . Then for all X,ye X and y €[ the
following statements hold:
1.1f xeF and X< y,then yeF.

2.1f X isa I"-self distributive I" -Cl-algebraand Xy =1 forall X,y F and y, I, then xyyeF.
Proof. 1. Suppose that X is a I"-Cl-algebra and F isa I"-filter of X . Let X€ F and X<y. Then Xyy =1 so
that Xyy € F . Thereforey € F .

2. Suppose that X is a I"-self distributive I"-Cl-algebra and Xy =1 forall X,yeF and y,8,a €l .
We have

xy(yp(xary))

= xy((ypx)a(ysy))

= xy((ypx)al)

= [xy(ypx)la(xal)

= [(xyy)B(xpx)] a(xal)
= [(xry)plla(xal)

= [(xpy)plla(xal)

yr(xp(xay))
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= (@A) a(xal)
= la(xyl)
= xyl
=1
and hence Yy(Xf(Xa y)) € F .Sincey € F , we have X (X y) € F . It follows Xy y = Xa Y € F . For elements
X and Yy ofa I"-Cl-algebra X , denote XAY = (YyX)yX.

Definition 4.5. Let X be a I"-Cl-algebra. A mapping d : X — X is a I"-left-right derivation (briefly, I"-(l, r)-
derivation) of X, if it satisfies the identity d(xyy) =d(x)yyAxyd(y) forall x,yeX and yeI.If d

satisfies the identity d(xyy) = xpd(y)Aad(x)yy for all x,yeX and yeT, then d is a I -right-left

derivation (briefly, I"-(r, I)-derivation) of X . Moreover, if d is both a I"-(l, r) and I"-(r, 1)-derivation, then d isa
I' -derivation of X .

Proposition 4.6. If d isa I"-(l,r)-derivation of I"-self-distributive X , then, d (l) =1.
Proof. Let X bea I"-Cl-algebraand let d be a I"-left-right derivation of X . Then
d (1) d(y1)

= d(1)y1Alyd(1)

= d(1)y1Ad(2)

= [d(1)A(d(2)7D1Ad (1) D)

= [(d(1)pd(1))y(d (1) A1)] A(d(1)2)

= [1y(d(1) D] A(d(1)»D)

= (d(1)p1) Ad(1)»)

= (d(1)»D) pd(1)7D)
= 1.

Henced (1) =1.
Definition 4.7. A T" -derivation d of a I"-Cl-algebra X is said to be I" -regular if d (1) =1.

Corollary 4.8. A T"-(1,r)-derivation d of a I" -self-distributive X is I" -regular.
Proof. Straightforward. 0
Proposition 4.9. Let d be a I" -(1,r)-derivation of a I' -self-distributive X . Then d (x) =xAd(x) forall xe X.
Proof. Let d bea I"-(1,r)-derivation of a I" -self-distributive X and X & X,y €I". Then
d(x) = d(Iyx)
d(1)yxAlyd(x)
d(1)yxAd(x)
lyx ad (X)
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= xad(x).
Hence d(Xx)=xAd(X).
Definition 4.10. Let X a I'-Cl-algebra. Amap f : X — X is called endomorphismif f (xyy) = f(x)yf(y)
forall X,ye X and yeI".

Definition 4.11. Let f be an endomorphism of a I"-Cl-algebra X . Amap d, : X — X satisfying the identity

di (xyy)=d; ()7 f(y) A £(x)rd(y)
is called a I -left-right f-derivation (briefly, I" -(l; r)-f-derivation) of X .

Proposition 4.12. Let d, bea I"-(1,r)-derivation of a I" -self-distributive X . Then d (X) =1forall Xe X.
Proof. Let d, bea I"-(1,r)-derivation of a I" -self-distributive X . Forall y, S €I so that
d@ = d,@®7)

= d@rf@Af@)yd @)

= d@Qyf@OATQ)yd; @

= di@Qrf@DA f@QyDyd, Q)

= di@yF@Qy DI~ [FQr fOIyd @)

= d, Dy 1yd, @)

= d, (s d; (@)

= [d; @A Q)yD]B (d; D)y2)

= [(d;@®pd; @)y @®)AD] A, D))

= [Ly(d;WAD] £(d; D)D)

= (d;MAY pd;MrD)

= (d;(MyD) A(d; DD

= 1
Hence d, (1) =1

Proposition 4.13. Let d, be a I"-(1,r)-derivation of a I"-self-distributive X . Then d, (x) =d, (X) A f(X) for all

XeX.
Proof. Let d, bea I"-(1,r)-derivation of a I" -self-distributive X . Forall y, S €T so that
d; (x) = d; )
= d,@rFO)A F @y, (0
= lyf(x)Alyd, (x)
= f(x)Ad,(X).

Hence d; (X) =d,; (X) A T (X).
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Theorem 4.14. If d, isa I"-regular I" -(I; r)-f-derivation of a I"-Cl-algebra X , then d (X) = f (X) Ad, (X)
Proof. Let d, bea I"-regular I"-(I; r)-f-derivation of a I"-Cl-algebra X . Forall y, 8 €I so that
d, (x) = d;(1yx)
d, Wy () A F@d, (%)
Iy f(X) ALyd, (X)
f(x)Ad;(x).

Hence d, (X) = f(X) Ad;(X).

5. ACKNOWLEDGEMENT

The authors are very grateful to the anonymous referee for stimulating comments and improving presentation of
the paper.

6. REFERENCES

[1] Ahn S.S, Kim Y.H., So K.S., “Fuzzy BE-algebras. Journal of applied mathematics and informatics”, vol. 29,
1049-1057, 2011.

[2] AhnS.S, So Y.H., “On ideals and upper sets in BE-algebras”, Sci. Math. Jpn. Online e-2008, vol. 2, 279-285,
2008.

[3] Borumand Saeid A., Rezaei A.,“Quotient Cl-algebras”, Bulletin of the Transilvania University of Bra,sov, vol. 5,
no. 54, 15-22, 2012.

[4] Hu Q.P., Li X., “On BCH-algebras”, Math.Seminar Notes, vol. 11, 313-320, 1983.

[51] HuQ.P.,LiX, “On proper BCH-algebras”, Math Japonica, vol. 30, 659-661, 1985.

[6] Iseki K., Tanaka S., “An introduction to theory of BCK-algebras”, Math Japonica, vol. 23, 1-20, 1978.

[71 Kim K.H., “A Note on Cl-algebras”, International Mathematical Forum, vol. 6, no. 1, 1-5, 2011.

[8] KimH.S., KimY.H., “On BE-Algebras”, Sci. Math. Jpn., vol. 66, no. 1, 1299-1302, 2006.

[91 MengB.L., “Cl-algebra”, Sci. Math. Jpn. vol. 71, no. 2, 695-701, 2010.

[10] NeggersJ., Ahn S.S., Kim H.S., “On g-algebras”, Int. J. Math. Math. Sci., vol. 27, no. 12, 749-757, 2001.

[11] Piekart B., Andrzej Walendziak A., “On filters and upper sets in Cl-algebras”, Algebra and Discrete Mathematics,
vol. 11, no. 1, 109-115, 2011.

[12] Yiarayong P., and Panpho P., “On I"-Cl-Algebras”, Asian Journal of Applied Sciences, vol. 2, no. 6, 952-956,
2004.

Asian Online Journals (www.ajouronline.com) 315




