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ABSTRACT— The aim of this short note is to introduce the concepts of quasi-semiprime and semiprime I -ideals
in ordered I -AG-groupoids with left identity. These concepts are related to the concepts of quasi- semiprime

and semiprime I -ideals, play an important role in studying the structure of ordered I" -AG-groupoids, so it seems to be
interesting to study them.
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1. INTRODUCTION

Abel-Grassmann's groupoid (AG-groupoid) is the generalization of semigroup theory with wide range of usages
in theory of flocks (Naseeruddin, 1970). The fundamentals of this non-associative algebraic structure were first
discovered by Kazim and Naseeruddin (1972). AG-groupoid is a non-associative algebraic structure mid way between a
groupoid and a commutative semigroup. It is interesting to note that an AG-groupoid with right identity becomes a
commutative monoid (Mushtaq and Yousuf, 1978). This structure is closely related with a commutative semigroup
because if an AG-groupoid contains a right identity, then it becomes a commutative monoid [10]. A left identity in an
AG-groupoid is unique [10]. It is a mid structure between a groupoid and a commutative semigroup with wide range of
applications in theory of flocks [11]. Ideals in AG-groupoids have been discussed in [9] and [10]. In 1981 the notion of
I" -semigroups was introduced by M. K. Sen [13] and [18]. A groupoid is called a I" -AG-groupoid if it satisfies the left
invertive law:

(ayb)ac = (cyb)aa
for all a,b,ce S and y,a " (See [8]). This structure is also known as left almost semigroup (LA-semigroup). In
this paper we are going to investigate some interesting properties of newly discovered classes of namely; I' -AG-
groupoid always satisfies the I" -medial law:

(ay b)o(cpd) = (ay c)a.(bfd)
for all a,b,c,d €S and y,a,B €I (See [8]), while a " -AG-groupoid with left identity always satisfies I -
paramedial law:
(ay b)o(cpd) = (dy c)o(bpa)
forall a,b,c,d €S and y,a,B €I ([8]).
The concept of an ordered AG-groupoid was first given by Faisal, Naveed Yaqoob and Kostaq Hila in [2] which

is infect the generalization of an ordered semigroup. In this paper we characterize the ordered I' -AG-groupoid. We

study semiprime and quasi-semiprime I -ideals in ordered I -AG-groupoids with left identity are introduced and
described.
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2. BASIC RESULTS
In this section we refer to [2] for some elementary aspects and quote few definitions and examples which are
essential to step up this study. For more details we refer to the papers in the references.

Definition 2.1. [2] Let S be a nonempty set, - " a binary operation on S and "<" arelationon S. (S,-,<) is called
an ordered I'-AG-groupoid if (S,:) is a I -AG-groupoid, (S,:) is a partially ordered set and for all
a,b,ceS,a<b impliesthat ayc <byc and cya <cyb, where y €T

Definition 2.2. A nonempty subset A of an ordered I'-AG-groupoid S is called a I"-AG-subgroupoid of S if
AlTAcC A

Let (S,-,<) be an ordered I"-AG-groupoid. For Ac S, let (H]={xeS:x<a for some ae A}. Following
lemma is similar to the case of ordered I"-AG-groupoids.

Lemma 2.3. Let (S,,<) be an ordered I"-AG-groupoid with left identity and A, B subsets of S. The following
statements hold:

1.1f Ac B, then (A] < (B].

2.(AJl'(B] < (Ar'B].

3. ((AI'(B]] < (AI'B].

4. Ac (Al

5. (@] = (Al

Proof The proof is obvious.

Definition 2.4. A nonempty subset A of an ordered I" -AG-groupoid S is called a left T -ideal of S if (A] < A and
ST’A A and called a right T -ideal of S if (A]< A and AI'S — A A nonempty subset A of S iscalleda I -
ideal of S if A is both left and right I" -ideal of S.

Lemma 2.5. Let (S,,<) be an ordered I" -AG-groupoid with left identity. Then every right T" -ideal of S is a left I" -

ideal of S.
Proof The proof is obvious.

Lemma 2.6. Let (S,-,<) be an ordered I" -AG-groupoid with left identity and A< S. Then SI'(SI'A) = ST'A and
ST'(ST'A] < (ST'A].

Proof The proof is obvious.

Lemma 2.7. If (S,-,<) is an ordered I"-AG-groupoid with left identity and let @ € S, then (ST"a] a left I" -ideal of

S.
Proof Assume that (S,-,<) is an ordered I -AG-groupoid with left identity. By Lemma 2.3, we have

(STa] = ((STa]]. Then
Sr(Sra] = (SIr(Sra]

c (SI(Sra)]

(ST(STa)]
= ((@rs)rs]
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((Srs)raj
(STa].
Therefore (ST"a] is a left I" -ideal of S.

Corollary 2.8. Let (S,+,<) be an ordered I" -AG-groupoid with left identity and & € S. Then <a > = (SI'a].
Proof The proof is obvious.

Lemma 2.9. If (S,,<) is an ordered I"-AG-groupoid with left identity and let @ € S, then (al'S] is a left I" -ideal
of S.
Proof Assume that (S,-,<) is an ordered I -AG-groupoid with left identity. By Lemma 2.3, we have
(ars]=((@rsyj. then
SI'(ars] = (S]r(ars]
c (Sr(@rs)]
= (ar(Srs)]
= (aI's].
Therefore (al'S] is a left I -ideal of S.

Proposition 2.10. If (S,-,<) is an ordered I" -AG-groupoid with left identity and let @< S, then (a’I'S] isa I -
ideal of S.
Proof Assume that (S,-,<) is an ordered I" -AG-groupoid with left identity. By Lemma 2.9, we have (a’T'S] is a left
I" -ideal of S. Then
(a’TsIrs = (aTS]Ir(s]
c ((@°Ts)rs]
= ((STS)ra’]
= (aTs].
Therefore (@°I'S] isa I -ideal of S.

Lemma 2.11. If (S,,<) is an ordered I" -AG-groupoid with left identity and let a € S, then (awSI'a] isaleft I'-
ideal of S.
Proof Assume that (S,-,<) is an ordered I -AG-groupoid with left identity. By Lemma 2.3, we have
(auSral=((awSraj]. Then
SI'(auSTra] = (SJI'(awSrIa]

c (Srausr(sra)j
(Sraw(ars)rsj
(STaw(SI'S)Ia]
(STrauwSIaj
(STa]
c (auSral.

Therefore (2w ST'a] isaleft I -ideal of S.
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Proposition 2.12. If (S,+, <) is an ordered I" -AG-groupoid with left identity and let a € S, then (STawal'S] is a
I" -ideal of S.

Proof Assume that (S,-,<) is an ordered I -AG-groupoid with left identity. By Lemma 2.3, we have
(ar'S uars] = ((ars wars]]. Then
(ar's uSTaJrs ((ars uSrars]
((ars)rs u(Sra)rs]
((STS)rauSr(ars)]
(STa war(srs)]
(Srawvars].
Therefore (ST'a wal'S] isaright I -ideal of S. By Lemma 2.5, we have (ST'a wal'S] isa I -ideal of S.

Lemma 2.13. If (S,-,<) is an ordered I" -AG-groupoid with left identity and let a € S, then (awSI'awal'S] isa
I" -ideal of S.
Proof Assume that (S,-,<) is an ordered I -AG-groupoid with left identity. By Lemma 2.3, we have
(auSTawvarsS]=((awSrawars]]. Then
(auSTawvarsJr's = (auSrawvarsjr(s]

c (arsu(Srayrs u(ars)rsj

= (aIr'SuSr(@rs)u(srs)ral

= (aI'Swval(srs)usraj

= (Slrrawal'S uSIa]

= (Slrawvals]

c (auSrawvars].
Therefore (a\wSTawal'S] is aright I -ideal of S. By Lemma 2.5, we have (a\ ST'awal'S] isa I -ideal of
S.

Proposition 2.14. If (S,-, <) is an ordered I" -AG-groupoid with left identity and let a € S, then (a> Ua’T'S] is an
I" -ideal of S.
Proof Assume that (S,-,<) is an ordered I -AG-groupoid with left identity. By Lemma 2.3, we have
(@’ wars] = ((a*> wa’T's]]. Then
(a®> uSTa’Irs = ((a* waTsS)Is]

= (@TS u(aTS)Is]

= (a’TS waT(srs)]

= (a’TS uaTs]

c (a*>wa’Tswa’®uaTs]

= (a®uwa’Ts].
Therefore (2> L a’T’S] isaright I -ideal of S. By Lemma 2.5, we have (@° wa’I'S] isa I -ideal of S.
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3. MAIN RESULTS
We start with the following theorem that gives a relation between left semiprime and quasi semiprime I -ideal
in ordered I"-AG-groupoid. Our starting points is the following definition:

Definition 3.1. Let (S,,<) be an ordered I" -AG-groupoid. A T"-ideal P of R is called semiprime if every I -ideal
A of S suchthat ALA < P, we have AcC P. Aleft I"-ideal P of S is called quasi-semiprime if every left I -
ideal A of S suchthat ALAc P, we have AcC P.

Lemma 3.2. Let (S,-,<) be an ordered I"-AG-groupoid with left identity. Then a I"-ideal P of S is quasi-
semiprime if and only if aya e P impliesthat a € P, where a€ S and y €T
Proof = Assume that (S,-, <) is an ordered I" -AG-groupoid with left identity. Then by hypothesis, aya € P for
any aeS andy €I’. Then
(auSraJl'(ausral] < ((awSray(avwsra
(a® war(STra) u(Sra)la w(Sra)r’(STa)]

c (PuSI(ara) ua’ TS uST((STra)ra)]

c (PUSTPUPIS USI(aTS)]

= (PUPUPUSI(PIS)]

c (P]

= P
By hypothesis, a € (a\w SI'a] and so that a € P.
< Itis obvious.

Lemma 3.3. Let (S,-,<) be an ordered I" -AG-groupoid with left identity. Then a T"-ideal P of S is semiprime if
and only if aya € P implies that a € P, where a€ S and y €T
Proof = Assume that (S,-,<) is an ordered I" -AG-groupoid with left identity. Then by hypothesis, aya € P for
any aeS andy €I'. Then
(auSTawvalSr(auwsSravalS] < (@vSrawvalsS)'(awSrawalrs)]

(alr'(auwSrawals)u
(Sra)yf(a wSrawals)uvu
(ars)r(avusSrawars)]
= (alawal(STI'a) var(ars)u(Srayrawvu
(STa)I'(STa) u(Sr'a)r’(al's )u(ars)rawvu
(ars)r(sr) u(ars)r(ars)]
(Pu(SIra)r(sra)u(srar(rs v
(Sra)r'(Sra) u(Sra)r(sra) v
(Sra)yr(ars )u(ars)r(sra) v
(ars)r(sra) u(ars)r(ars)]

= (Pu(STa)l'(Sra) u(Srar(@rs)wv

(ars)r(sra) u(ars)r(ars)]

= (Pu((Sra)rayrs u((ars)rays v
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SI((ar's )ra) U ((al's )I'S)ra]

= (Pu((ara)rsS)rs uSsr(r(sra)) v
SI'(al'(ST"a)) w((STS)lra)raj
(PU(PTS)I'S USI(SI'(ala)) v
SI'(ST'(al'a)) w(alra)rs |
(PUPUSI(SIP) UST(SI'P) UPTS]
(PUPUPUPUP]
(P]

= P
By hypothesis, a € (@ w ST'a wal'S] and so that a € P.
< Itis obvious.

N N

IN

Theorem 3.4. Let (S,-,<) be an ordered I" -AG-groupoid with left identity. Then a I"-ideal P of S is semiprime if

and only if P is quasi-semiprime.
Proof This follows from Lemma 3.2 and Lemma 3.3.

Theorem 3.5. Let (S,-,<) be an ordered I" -AG-groupoid with left identity and let P be a I" -ideal of S. Thena I'-
ideal P of S issemiprime if and only if (al'(S['a)] < P implies that @ € P, where a € S.
Proof = Assume that (S,-, <) isan ordered I" -AG-groupoid with left identity. Then

ayae(Sra)l'(Sra) ((srayrars

= SI'(aI'(ST'a))

SI'(ar’(Sra))
SI'(ar(Sra))j
STP
P.

n o

IN

By Lemma 3.3, we have a € P.
< It is obvious.
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