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ABSTRACT—Let G = (V,E) be asimple graph. A setD € V is a dominating set ofG, if every vertex in V' — D
is adjacent to at least one vertex in D. Let W}, be wheel with order n. Let W} be the family of dominating sets of a
wheels W, with cardinality i, and let d(W,, i) = |Wn‘| . In this paper, we construct W},, and obtain a recursive

formula for d (W, i). Using this recursive formula, we consider the polynomial D (W, x) = X1, d(W,, i)x,
which we call domination polynomial of wheels and obtain some properties of this polynomial.

1. INTRODUCTION

Let G = (V,E) be a simple graph of order |V| = n. Aset D € Vis a dominating set of G, if every vertex in V — D
is adjacent to atleast one vertex in D. The domination number y( G) is the minimumcardinality of a dominating set in G.
For a detailed treatment of thisparameter, the reader is referred to [5]. It is well known and generallyaccepted that the
problem of determining the dominating sets of anarbitrary graph is a difficult one (see [3]). Alikhani and Peng foundthe
dominating set and domination polynomial of cycles and certaingraph [1], [2]. Kahat and Khalaf. found the dominating
set and domination polynomial of stars [4]. Let G, be graph with order n and let G,il bethe family of dominating sets of a
graph G, with cardinality i and letd(G,,,i) = |G£l|. We call the polynomial D(Gy,x) = XL, ¢ d(Gy, Dxt, the
domination polynomial of graph G [2]. Let Wn‘ be the familyof dominating sets of a wheel W, with cardinality i and let
dW,, i) = |W£1|. We call the polynomial D(W,, x) = XL, d(W,, D)x!, thedomination polynomial of wheel.In the
next section we construct the families of dominating setsof W}, with cardinality i by the families of dominating sets of

W, -|,W,,-2 and W, -3 with cardinality i — 1. We investigate the dominationpolynomial of wheel in Section 3.
As usual we use (’l‘) for the combination n to i, and we denote the set{1, 2, ..., n} simply by [n]

2. DOMINATING SETS OF WHEEL ()

Let W,,,n = 3, be the wheel with n vertices V (W,) = [n] and E(W,,) = {(1,2), (1, 3),...,(1,n),(2,3),(3,4),...,(n —
1,n), (n,2)}. Let W} be the family of dominating sets of W, with cardinality i. We shall investigate dominating sets of
wheels. To prove our main results we need the following lemma:

Lemma 1 [4].

The following properties hold for all graph G.

() |GRI=1 (i) |GF Y =n (iii)|Gi|=0ifi>n. (V)G =0

Theorem 1 [1] For everyn > 4,j > [2d(Co) = d(Cporrj = D) + d(Comzrf = 1) + d(Crogj — 1)
Theorem 2[4]Let S, be star with order n=3, then d(S,,,1)= d(S,_1, 1)+ d(Sp_1, i — 1)Vi #n-2

Theorem 3Let W, be star with order n>4, then d(W,,, i)=d(S,, )+ d(C,_4,i — 1)Vi ¥<n-1
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Proof.Let S,, be a starand v € V (S,,) such that v is center of S,,, let S,, be a spanning subgraph of I, and since

W, — v = C,_, then S,UC,,_, =W, since d(S,,1)=|S|, and d(C,_4,1)=|Ci_,|, and d(W,,i)=|W}|., and since

d(W,,n — 1) = nandd(W,,n) = 1 (Lemma 1), then d(W,,i) = d(S,, i) +d(C,—;, D) Vi < n — 1.

Theorem 4Let W, be star with order n>4, thend(W,,,i) = d(W,,_,i — 1) +d(W,,_,,i — 1) +d(W,,_5,i — 1)+
n—4

(i

Proof. ByTheorem3 and byTheorem 2[41d(S,,, D)= d(S,_1, D)+ d(S,_ 1,' 1)=d(S,,_,, D+ d(S,_,,i—1) +
d(S,_1, i —1)=d(S,_ 3,1)+ d(S,_s,i— 1)+ d(S,,_,, i — 1)+ d(S,_,,i — 1), and by Theorem 1 [1], d(C,,j) =
d(Cpoy,j =1 + d(Cpysj — D+ d(Cy_s,j — 1), and since d(S,_5,i) = (%~}) and by Theorem 3, then

n—4
AW, D) = AWy _yyi = D)+ AWyt = D+ Wi = D+ (7 )

Using Theorem 3 and Theorem 4, we obtain the coefficients of D(W,,,x) for 1 < n < 15in Table 1. Let d(W,,i) =
<

|[W,i]. There are interesting relationships between the numbers d(W,,,i) (1 < i < n) inthe table.

L [F [P 3[4 & &7 |85 401 (12481415
n

1| 1

2 |2 [ 1

3 |3 [ 31

4 |4 8 4 1

5§ |t [#0[10] & [ 1

6 | 1 [fo|20]15 | 6 [ 1

T |1 |9 203 21 [ 7 | 1

8 | + | 7 [|235(63]|56 |28 | 8 | 1

9 |1/ 8 3 94 118 84 36 9 | 1

10 [ 1 9 39 120 207 201 120 45 10 1

11 [ 1 10 45 145 312 402 320 165 55 11 1

12 [ 1 11 55 176 429 893 715 484 220 66 12 1

13 [ 1 12 86 223 567 1074 1380 1191 703 286 78 13 1

14 [ 1 13 78 286 754 1565 2379 2535 1795 988 264 91 14 1

15 | 1 14 91 364 1015 2212 3789 4954 4375 2863 1351 455 105 15 1

Table 2. d(W,, i) The number of dominating sets of W, with cardinality i

In the following theorem, we obtain some properties of d(W,,, i)

Theorem 5 The following properties hold for everyn € Zt,n = 3.
i dW,1)=1 vn > 4.
i. dW,2)=n—-1,vn >7
. d(W,,n—2) :(’2')
iv.  d(W,n-3)=(%)
V.  d(Wpn—-4=(})-(-1)

Vi y(W,)=1.
vii,  dw, =" - (" 1) vi <[]
viii.  d(W,, ) = d(W,,_,, i 1)+d(Wn 20— D+ dW, ;i — 1)Vi=n—2

iXx. dW,)=dW,_,,i — D)+dW,_pi - D+dW,_3i—-1D+1ifi=n-3

proof LetW, beawheelandv € V (W) such that v is center of W, then

(i) By Theorem 3 d(W,,, i)=d(S,, i)+ d(C,_,,i — 1), and since d(S,,1) =1 vn > 4 [4],and d(C,_;,, 1) =0Vn > 4
[1], thend(W,,1) =1Vn > 4

(i)Since d(S,,2) = n— 1vn > 3[4],and d(C,_1,2) = 0vn > 7[1],thend(W,,2) = n— 1vn > 7

(iii) By Theorem 3, d(W,,n — 2) = d(S,,n — 2) +d(C,_,n — 2),andsince d(C,_,n — 2) = (n —1),d(S,,,n —
2) = (O thendWpn—2) = (P3)-(n — 1) = 252 4 (n - 1) = 22 = (1)

(iv) By Theorem 3, d(W,,n — 3) = d(S,,n — 3) + d(C,_,,n — 3), and since d(C,,_,,n 3) = ("1, d(S,n—3) =

(DI [4] then d(Wy,n—3) = (3o))-(; 1) = S22 4 Bl - s = (1)
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(v) By Theorem 3 and [1] [4], d(Wp,, n — 4) = d(S,,n — 4) + d(Cpey,n— H=(,",)-(2)) + 5220 (1)
- (n=5)(@m-Dn _m -1)n-2)(n-3) | (n=5)(n-)n _

(n31)+ n 6n n_(z) n n6 n + n 6n n—(Z)— (Tl _ 1)

(vi) since {v} is dominating set of W,vn € Z*, theny(W,) =

(vii)By Theorem 3, d(Wy, 1) = d(S,, ) + d(Cyy, 1), and sinced(C,._y, ) = 0 Vi < || [1], then d (W}, 1) = (%) —

" vi <[~

(viii)By Theorem 4, d(W,, i) = d(Wp_y,i — 1) +dWp_p,i — 1) +d(W,_5,i — 1)+ (777), and sincei > n —
2 > i—1>n— 4 then (3-})=0therefore, d(W;,i) = d(Wy_y,i — 1) +dWp_p,i — 1) +dWp,_5,i —
Vi =>n — 2

(ix) since i =n — 3, then (771)=(2"}) = 1, therefore, d(W},, i) = d(Wp_y,i — 1) +d(Wy_p,i — 1) +d(Wy_3,i —
1)+1ifi = n — 3 (Theorem 4)

3. DOMINATION POLYNOMIAL OF A WHEEL

In this subsection we introduce and investigate the domination polynomial of wheels.
Definition. Let W;! be the family of dominating sets of a wheel W, with cardinality i and let d(W,,i)=|W;i|. Then the
domination polynomial D (W, x)of W,,is defined as D(W,,,x) = Y-, d(W,, ) x" [1]

Theorem 6. Let D(W,, x) be domination polynomial of W, ¥n >4then
(i) D(W,,,x)= D(S,,x) + D(Cpp_q, x)-x™"1
(i)) DWp, x) = DWp, x) + XD Wy, _1,X) + XD (Wy_3, %) + xD(Wy,_5, )+ 275 (1) x!
Proof.
(i) From definition of the domination polynomial and Theorem 3, we have
(1) DWWy, x) = X1 d(W,, Dx' =X, [d(S,, 1) + d(Creyq, D]x'=X1, d(S,, Dxt + Xy d(Cpy, D), We have d(C,_y, 1)
=0ifi < [nT_l]or i = n(Lemmal), then X, d(C,_,, i)xi=Z?:_[}1;1] d(Cp_y,)x'=D(Cp_y,x), and X, d(S,, D)x‘=
3

D(S,,x), then D(W,,,x) = D(S,,x) + D(Cp_q,x)
@ dW,,n—Dx 1=[d(S,,n— 1) +d(Cp_y,n — D]x™ 1= (n+ Dx™ ! = nx™ 1 + x"1, but d(W,,,n — 1)x" 1 =
~1 then From (1) and (2), we get D (W, x)= D(S,,x) + D(Cp_y,x)-x""1.
(ii) From definition of the domination polynomial and Theorem 3, we have
D(Wp, )=X1y d(Wy, DX’ =Xy [d(Woy, il = D +d (Wl = 1) +dWoog, i — 1) + ((T)1x' =Xl d(Wpoy, 1 —
Dl + 3 dWyg,i — Dt + X d(Wy_s, i — Dxt + X, (371!, since d(W,, i) = 0ifi > nori = 0by
Lemma 1,
then DWW, x)=x X, d(Wp_q,i — Dxi H4+x X d(W,_p, i — Dxi " H4x X2 d(W,y_s,i —
XA (T xl= XD Wy, ) + 2D Wy, ) + XD Wy, ) + XD (W5 VZIA ()

Example 1. Let W, be wheel with order 9, such that a vertex (v1) be center vertex, D(Wy,x) = x + 8x2 + 36x3 +
94x* + 118x5 + 84x% + 36x7 + 9x® + x°.(see Fig-2)

Fig_l:GZWQ = SgUCg
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