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ABSTRACT— In this paper, the estimation for the three unknown parameters of the generalized extreme value
distribution under progressive type-11 censored will be considered. The corresponding asymptotic variance covariance
matrix for the parameters and also asymptotic confidence intervals for the parameters are obtained. Finally, A
numerical illustration will be carried out. Some literatures may be considered as special cases from our results.
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1. INTRODUCTION

Life testing often consists of conducting a test on an item (under specified conditions) to determine the time it
takes for a failure to occur. An analysis of the data from replicate tests includes both the times to failure for the items that
failed and the time of test termination for those that did not fail. An efficient way of collecting lifetime data that results in
a saving in experimental time and cost is progressive type-Il censoring [Balakrishnan & Aggarwala (2000)] [1], so it is
useful in both industrial and clinical settings. It allows for the removal of surviving experimental units at points other
than the termination of the experiment while retaining mathematical tractability in the data analysis in many cases.

The generalized extreme value (GEV) distribution is a flexible three parameters distribution that combines three
extreme-value distributions within a single framework: the Gumbel, Frechet and Weibull. The distribution of extremes is
one of the common interests to many disciplines such as the natural scientist and financial scientist. Many authors have
considered the applications of extremes distributions. Coles (2001) [3] introduced a general introduction to the analysis
of extreme values; Katz et al. (2002) [5] showed a review of the analysis of hydrological extremes. Embrechts et al.
(1997) [4] and McNeil et al. (2005) [6] considered the modeling of extremes in insurance, finance and quantitative risk
management.

The progressive type Il censoring scheme is conducted as follows, suppose that n independent and identically
distributed units taken from a continuous distribution are placed on a life test experiment. Let a censoring scheme
1.7, Ty DE prefixed in such a manner that immediately after the first failure, ry surviving units are removed from the
experiment randomly. Similarly when the second failure occurs, = surviving units are removed from the experiment,
again randomly. The test is continued until the mth{1l = m = n} failure takes place. By this time remaining units #, ,
where f, =n —m—mn — 1 — = — ny_sare removed from the test. The likelihood function of the progressive type-I1 is
defined as follows: [Balakrishnan & Aggarwala (2000)] [1]

Lx: 8IRY =TI, €; flxco:8)[1 — Fxp:8)]™, @)

where C; = TIZ3 (n — Ei_on — 1), i = 1...mand n, =0 .x; is the lifetime of the ith order statistics and f(x:6) and
Fix:8) are the density function and the cumulative function of our concerning distribution, respectively. If
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n = 1 = =1n._y = 0 then s, = n —m which corresponds to the type Il censoring. If n, = = - =%, =0, then
n = m which corresponds to the complete sample.

In this paper, section 2 will describe the model of the generalized extreme value (GEV) distribution, section 3;
parameters estimation under progressive type-Il is discussed, Section 4; a numerical illustration for different values of
sample size and parameters are conducted.

2. MODEL

Let X be a generalized extreme value random variable, with probability density function is given by
(—op—3] ifk<0
fO) =2t st x e { (—m, @) ifk=0, @)
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with cumulative distribution

F(x) = g7t ©)

Special cases, for & = 0, the distribution (1) becomes the Gumble distribution. For k = 0, the distribution becomes the
Frechet distribution and for & = 0 the distribution reduces to reserved Weibull distribution.

The generalized extreme value (GEV) distribution have mean in the form
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not exists k=1

and variance i
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Var(x) = % k= ;1T is constant. 5)

not exists k=
Also, the moment generating function of (GEV) is defined as

Y Cm g, Sk s o
M(ﬂ=E(et"’]=e[“_‘°’nJﬂn e % dy; x=p-S+IyR

Then
s g

5 @ |r ¥l
M) = ol b [ B0 ar ]E_F dy,

= (G y~2K)

ay @ @ |
M) = ek [fn eVdy+ fy (Ty¥)eVdy+ [y Eo—eVdy+ -,

oty

M@ = F 14 Era-10+

P 152
R Ik

M) = bk [1+32,

T(1- 2K + ],
(6)

.jmj“rujl—ni.-j]

n!k™

Asian Online Journals (www.ajouronline.com) 69




Asian Journal of Applied Sciences (ISSN: 2321 — 0893)
Volume 01— Issue 02, June 2013

3. PARMETERS ESTIMATION UNDER PROGRESSIVE TYPE-II
CENSORED SAMPLES

For the generalized extreme value (GEV) distribution and under progressive type-1l censored in (1), the likelihood
function will be as follows:

LOX: g0, kIR) = T, Gy e ¥ [1 - e, U]
k 1

where y; = [1+=(x;— w)]7%

The logarithm of the likelihood function in (7) becomes:

InL =X, C;—mino+k+ 1) I ny; —E% % +ZL,nIn[1-e7].  (8)

To find the MLEs for the unknown parameters p, o and &, we find the first derivatives of the equation (8) with respect to
¢, o and k and equating it by 0, the system of non linear equations to get i, & and & are obtained as follows:
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where y; = [1 +=(x; — )] 7%

No explicit solution for this system was found, so that a numerical method such as Mathcad package and computer
facilities is needed to obtain the value of estimators.

The approximate asymptotic variance-covariance matrix for u, & and & can be obtained by inverting the
information matrix with the elements that are negative of the expected values of the second order derivatives of
logarithms of the likelihood functions. Cohen (1965) [2] concluded that the approximate variance covariance matrix may
be obtained by replacing expected values by their MLE's. Now the Fisher information matrix associated with u, o and &
is defined as:
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Therefore, the elements of the information matrix approximately are given by:
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The asymptotic distributions of MLE parameters are
— & —1fF .
V(G —6)~ N (0.174(8)) ;i =1.2.3, 12)

The approximation 100 (1 — «J% confidence intervals (C. I) for unknown parameters based on the asymptotic
distribution of the GEV are determined as

. I
6; + Za,, ﬂlr-i{el-} =123, (13)

where Zz . is the upper “jz percentile of a standard normal distribution.

4. NUMERICAL ILUSTERATION

In this section, a numerical example is presented to illustrate the computational methods detailed in the preceding
sections. Using Mathcad package, we follow the following steps:

1. Using equation (1), generate random samples of size n = 30,30, and 100 for the values of parameters
u=17, 0=0.6and k=03,

2. Under progressive type-1l censored samples, let we have n =0, =4, n =3, 5, =353, n =4 and
1z = 10, where # is the number of surviving units that are randomly selected and removed from the
experiment at the it® stage. Using equations (9) and (11), calculate the estimators for the three parameters
and its variances.

3. Using equation (13), calculate the confidence intervals (C. I) for each estimator at 95% level of
significance.

4. Repeat the last steps to find the complete case by putting
nEn=Sn=n=n=1 =0
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Table (1): Parameters Estimation of GEV Under Progressive Type-Il Censored and Confidence
Interval C. | (u = 1.7, 0 = 0.6 and k = 0.3)

Scheme Progressive type-Il censored Complete
Sample Estimator Estimator
] Variance Variance
Size C.I. (e =0.05) C.0. (e = 0.05)
0.283 0.637
g 0.151 0.003
n =100 (-0.479, 1.045) (0.526, 0.748)
R -0.002 0.218
k 3.896 0.005
(-3.871, 3.867) (0.074, 0.362)
i 1.411 1.703
0.104 0.011
(0.779, 2.043) (1.497, 1.909)
n =250
0.403 0.653
g 0.974 0,006
(-1.531, 2.337) (0.49, 0.816)
g 1.498 1.829
0.203 0.037
(0.615, 2.381) (1.452, 2.206)
0.434 0.966
n =30 g 1.300 0.052
(-1.801, 2.669) (0.519, 1.413)
R 0.001 0.0002
k 7.144 0.003
(-5.237,5.241) (-0.123, 0.124)

A comprehensive numerical investigation is needed to study the properties of defined estimators numerically.
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