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ABSTRACT— In this paper, we prove a common fixed point theorem for three self mappings in cone rectangular
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1. INTRODUCTION

In 1906, the French mathematician M. Frenchet [4] introduced the concept of metric spaces. In this sequel, Branciari
[3] introduced a class of generalized metric spaces by replacing triangular inequality of metric spaces by similar one
which involves four or more points instead of three points and improved Banach Contraction Principle in such spaces. In
2007, Huang and Zhang [5] introduced the notion of cone metric spaces. They have replaced real number system by an
ordered Banach space and established some fixed point theorems for contractive type mappings in a normal cone metric
space. The study of fixed point theorems in such spaces is followed by some other mathematicians; see [1], [5], [6], [9],
[13], [14], [16], [18].

Recently, A. Azam, M. Arshad and I. Beg [2] extended the notion of cone metric spaces by replacing the triangular
inequality by a rectangular inequality and they proved Banach contraction Principle in a complete normal cone
rectangular metric space. Several authors proved some fixed point theorems in such spaces see; [7], [10], [11], [12], [15],
[17]. In 2012, R. A. Rashwan and S. M. Saleh [15] extended Banach Contraction Principle in cone rectangular metric
space to two self mappings. In this paper we generalize and extended theorem 3 of Azam et al. [2] for three self
mappings.

2. PRILIMINARIES

First, we recall some standard definitions and other results that will be needed in the sequel.

2.1. Definition [5]: A subset P of a real Banach space E is called a ‘cone’ if it has following properties:

(1) Pisnonempty, closed and P = {6};
(2) a,beR,a,b>0, X, yeP implies ax+by e P;
(3) Pn(-P)={6}.
For a given coneP c E, we can define a partial ordering < on E with respect to P by x <y if and only if
y—X e P. We shall write x <y if x<yand x =y, while x <<y will stands for y—Xx eint (P), where int(P) denotes

the interior of P.
2.2. Definition [5]: The cone P is called ‘normal’ if there is a number k >1 such that for all x, y € E,

0<x <y implies ||x| <k|y]|.

The least positive number k satisfying the above condition is called the ‘normal constant’ of P.
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2.3. Proposition [15]: Let (X, d) be a cone metric space with cone P is not necessary to be normal. Then for a, ¢, u, v, w
€ E, we have

(1) If a<aand 4 €[0,1), then a =6.

(2) If 8<u<<c,foreach 8 <<c,then u=46.

(3) f u<vand v<<w,then u<<w.
2.4. Definition [5]: Let X is a nonempty set, E is a real Banach space and P is a cone in E with intP=® and < isa
partial ordering with respect to P. Suppose that the mapping d : Xx X — E satisfies:

(1) 9<d(x,y), forallx,ye X andd (x, y)=6 ifandonlyifx = y;

(2) d(x,y)=d(y, x), forallx,y e X;

(3) d(x,y)<d(xz)+d(z,y), forallx,y,z e X.
Then d is called a ‘cone metric’ on X and (X, d) is called a ‘cone metric space’.
2.5. Definition [2]: Let X is a nonempty set, E is a real Banach space and P is a cone in E with intP = ® and < isa
partial ordering with respect to P. Suppose that the mapping d : X x X — E satisfies:

(1) 6<d(x,y), forallx,ye X andd(x, y)=0 ifandonlyifx = y;

(2) d(x,y)=d(y, x),forallx,y e X;

() d(x y)<d(x,w)+ d(w, z)+d(z, y), forall X,y e X and for all distinct pointsw, z € X —{x, y}
[rectangular inequality].
Then d is called a ‘cone rectangular metric’ on X and (X, d) is called a ‘cone rectangular metric space’.
2.6. Example [2]: Let X =N, E=R’and P={(x, y): x, y >0} is a normal cone in E. Defined: X x X > E as
follows:

(0,0) ifx =y
d(x, y)=<(39) ifxandyarein {1, 2},x =y
(1, 3) otherwise
Now, (X, d) is a cone rectangular metric space, but (X, d) is not a cone metric space because it lacks the triangular
property:
(3,9)=d(1,2)>d(1,3)+d (3,2) =(1,3) + (1, 3) = (2, 6),

as(3,9)-(2,6)=(1,3)e P.

2.7. Definition [2]: Let (X, d) be a cone rectangular metric space. Let {x, } be a sequence in (X, d) and x e X. If for
every ¢ € E, with @ <<c there is n, e N such that for alln>n , d (x , x) << ¢, then {x_} is said to be convergent,

{x,} converges to x and x is the limit of {x_}. We denote thisby lim x = x or X — X, asn — co.

n—ow

2.8. Definition [2]: Let (X, d) be a cone rectangular metric space. Let {x_} be a sequence in (X, d). If for every ¢ € E,

with 6 <<c thereis n, € N such that forall m, n>n_, d(x,, x )<< c, then {x_} is called a Cauchy sequence in

(X, d).
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2.9. Definition [2]: Let (X, d) be a cone rectangular metric space. If every Cauchy sequence is convergent in (X, d),
then (X, d) is called a complete cone rectangular metric space.

2.10. Lemma [2]: Let (X, d) be a cone rectangular metric space and P be a normal cone with a normal constant k, let

{x,} beasequencein X. Then {x, } converges to x if and only if ||d(x ,x)| —0, as n —oo.
2.11. Lemma [2]: Let (X, d) be a cone rectangular metric space, P be a normal cone with a normal constant k. Let
{x,} beasequence in X. Then {x_} is a Cauchy sequence if and only if [|d (x , x_ )| =0, as n, m — co.

2.12. Definition [8]: Let T and S are self maps of a nonempty set X. If w=Tx = Sx, for some x € X, then x is called a

‘coincidence point” of T and S and w is called a ‘point of coincidence’ of T and S.
2.13. Definition [8]: Two self mappings T and S are said to be ‘weakly compatible’ if they commute at their coincidence
points, that is, Tx = Sx implies that TSx = STx.

3. MAIN RESULT

In this section we establish a common fixed point theorem for three self mappings in cone rectangular metric space.
The following theorem extends and improves Theorem 3 of [2].
3.1. Theorem: Let (X, d) be a cone rectangular metric space and P be a normal cone with a normal constant k. LetS, T,
and U: X —X be three self mappings of X satisfying the following conditions:

@. d(Sx,Ty) < ad (Ux,Uy),
(2). d(Sx,Sy) < 4d (Ux,Uy),
and (3). d(Tx,Ty) < Ad (Ux,Uy),
for all x, y € X, where 1€[0,1). If S(X)UT(X)cU(X)and S(X)uUT(X) or U(X) is a complete subspace of

X, then the mappings S, T and U have a unique coincidence point in X. Moreover, if (S, U) and (T, U) are weakly
compatible pairs then S, T and U have a unique common fixed point in X,

Proof: Let x, be any arbitrary point of X. Since, S(X)uUT(X) < U(X), starting with x; we define the sequence

{y,} such that,
y2n = SXZn = UX

2n+1!

and vy, ,=Tx, ,=Ux, ,, forall n>0.

2n+1 2n+2"7

We shall prove that {y_} is a Cauchy sequence in X.

Suppose that y =y __, forsome me N.

m+1?

If m=2k,then y, =Yy, ,, forsome k € N, then from (1) we get,

A Varzr Vo) = A (X0 T, )
<Ad(Ux,, ,,Ux, )
= Ad(Y,i0 Vo) = 6.
Sothat y,, ., =V,
Similarly, we can deduce that y, , =Y, ., = Y,
Hence, y =y , forall n>m.
Thus {y, } isa Cauchy sequence in X in this case.

Assume that, y =y ,forallneN.
Then from (1) it follows that,
d(Vyir Voron) = (S, TX,, )
< Ad(Ux,, ,Ux,, )

e, d(Y,, Y,) SAA(Y, 0 V), 4)
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forall k >1.
Also we have, d (y2k+1' y2k+2) = d(TX2k+1‘ SX2k+2)
- d(Ssz+2' 2k 1)
< ﬂ’d (UX2k+z’ 2k+1)
€., d(y2k+1’ y2k+2) < ﬂ’d(yn J y2k+1)’ (5)
forall k >1.
Using (4) and (5) we get,
d(yzk’ y2k+1) < ﬂ’d(yzk—l’ yzk)
<AV Vo)
<1*d (yo, y1)1 (6)
forall k >1.
Also we have, d(Y,, ., Y,.,) <Ad(Y,. Y,..)
<2V V)
< Azmd(yo, Y, )
forall k >1.
From (6) and (7) we have,
d(y,, ¥..) < A'd(Y,, V), ®)
forall n>1.
Using (2), (8), rectangular inequality and using the fact that 2 <1, we get,
d (yzk ' y2k+2) <d (szk ' SX2k+2)
< id (UXZk ! 2k 2)
<Ad (y2k71' y2k+1)
< ALAWa0a o) + Ao Vo) + AWz Varo) ]
which implies that,
A
d (yzk' y2k+2) n[d (yzk—l’ yzk) + d(y2k+l’ y2k+2)]
ﬂ’ 2k-1 2k+1
<[ 27d(y,. y,) + A7d(y,. ¥,) |
1-4
1 .
<—[2*d(y,.y,)+2A"7d(y,.v,) |
1-1
Azk
<——@+49d(y,. Y,),
1-4
A,Zk
<——>A+A)d(y., V),
1—1( )ady,. y,) )

forall k >1.
Using (3) and (9) we get,

d (y2k+1’ y2k+3) = d (TXZK+1’TXZK 3)
< ﬂ'd (UX2k+1’ 2k+3)

=Ad (yzk ! y2k+2)
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2k+1

< a(lJr Ad (Y, ¥.)s (10)

forall k >1.
Therefore from (9) and (10) we get,

n

A
A0, Y,) < T A+ A0, 1), (11)

forall n>1.
For the sequence {y, } we consider d(y, .y,
If p is odd say 2m + 1, for m > 1, then by using rectangular inequality and (8) we get,
AV, Yorzna) SV ,omens Yoron) T 0200 Vizw) + A Voo Vo)
<AV,200 Yorzme) T AW 02000 Yorzn) F AV, 2000 Yoson2)
(Ym0 Ve s) + o +A(Y, 50 V) +A (Y00 Y,)
=d(Y, Yo ) + A Vo) + o F A Yeon) FAY,0 Yeoona)
<A"d(Y,, ¥,) + A"y, Y) + A7 (Y, y) e+ AT, ) + AT (Y, Y,
=[14 2427+ L+ A 2T ] 2Ny, )

) in two cases.

s[1+/1+/12 + 2%+ ...]A”d(yo,yl)

A
S _d(yol y1)
1-2

n

31
Hence, d(y,, Y, ,n.) < ) d(y,, ¥,), (12)

forall n>1,m=>1.
If p is even say 2m, for m > 1, then by using rectangular inequality, (8), (11), and using the fact that 2 < 1, we get,

d (yn’ yn+2m) < d (yn+2m’ yn+2m—1) + d (yn+2m—l’ yn+2m—2) + d (yn+2m—2’ yn)
< d(yn+2m71’ yn+2m) + d (yn+2m72’ yn+2mfl) +.ot d(yn+4’ yn+3) + d (yn+3’ yn+2) + d (yn+2’ yn)
= d (yn’ yn+2) + d (yn+2’ yn+3) +o. d (yn+2m72’ yn+2mfl) + d (yn+2m71’ yn+2m)

<

/1" n+2 n+3 n+2m-2 n+2m-1
ﬂ(1+z>d<yo,y1>+[z d(y,. ) +A"°d (Y, )+t A (Y, y) + AT (Y ) |
in 2 3 2m-2 2m-1 n

:n(1+/1)d(y0,yl)+[/1 + 20 4t T 2] 0y, Y,)
ﬂ’n 2 3 n

£7(1+A)d(y0,y1)+[1+i+i +A +...:|/1 d(y,.y,)
1-—

n

1+1 A
Snﬂ d(Y, ¥,) +——d(Y,.y,)

1-4
24+ 4|,
= |:_:|ﬂ“ d(y()’ yl)
1-2
31"
Hence, d(Y,, Y,...) Snd(yw Y., (13)

foralln>1,m>1.
Therefore, from (12) and (13) we have,

n

34
d(y, ¥,.,) < ——d(y,, ¥,),
DT (14)
forall ne N, peN.
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Since, P is a normal cone with a normal constant k and 0 < A < 1, we have
3kA"
ldey,.v,.,)| < E||o| (y,.y,)]| = 0,as n — oo,
ie., ||d(yn, ymp)” —0,asn — o, Vpe N.

Hence, {y, } is a Cauchy sequence in X.
Suppose, U(X) is a complete subspace of X, there exists z € U (X) such that

limy =z

n—ow

Also, we can find x e X such that z =Ux
Now, we prove X is a coincidence point of pairs (S, U) and (T, U).
That is we prove, SX=Tx=Ux=1z.

First we prove Sx = z.
Using rectangular inequality, (1) and (17) we get,

d(Sx,z) <d(Sx,y,, ) +d(y,, . Y,,)+d(y,, 2)
=d(Sx,Tx, ) +d(y, .Y, )+d(y,,.2)
< Ad(Ux,Ux,, ) +d(y,, . Y,.)+d(y,, 2)
=Ad(z,y,,,)+d(y, .Y, )+d(y,,.z2), forall n>1.
Since, P is a normal cone with a normal constant k, using (15) and (16) we get,
ld(sx, z)|| <k[A]ld(z, y,, )+ d(Y,,.. v,)ll+]d(y,,. 2)]] = 0,as n — oo,
ie, [d(Sx z)|=0
ie, Sx=1z.

Hence, Sx=Ux=12
Now we prove, Tx = z.
Using rectangular inequality, (1) and (17) we get,

d(Tx,z) <d(Tx,y, ) +d(y,,. ¥,...) +d(Y,,... 2)
=d(Tx,Sx, ) +d(y,,,Y,..,)+d(y,,.,.2)
=d(Sx,,,TxX)+d(y,,, ¥,,.,) +d(Y,,... 2)
<AdUx, Ux)+d(y,.,Y,..,)+d(y,. . 2)
=Ad(y,,,,2)+d(y,,, Y,,.,) +d(y,,,.,2), forall n>1.
Since, P is a normal cone with a normal constant k, using (15) and (16) we get,
ldTx, 2| <k[A]d(y,. . DI +]d(Y,.. ¥, )+ d(Y,.... 2)|] = 0,as n — o0,
ie., [[d(Tx,z)[|=0
ie, Tx=z

Hence, Sx=Tx=Ux=12
That is z is a point of coincidence of the pairs (S, U), and (T, U).
We shall prove that z is unique.

Suppose z~ is another point of coincidence of these pairs.

Thatis, 27 =Ux" =Tx" =Sx", forsome X e X
Using (1), (19), (20), and using the fact that 4 <1 we get
d(z,z') =d(Sx,Tx")
<d(Ux,Ux)
ie, d(z,z)<d(z,2).
Which is a contradiction.

Hence, z=17".
Thus, S, T and U have a unique point of coincidence in X.
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Suppose, the pairs (S, U), and (T, U) are weakly compatible, then from (19) we get,
Sz =SUx=USx =Uz

and Tz=TUx=UTx=Uz

Therefore, Sz=Tz=Uz=w (say)

Thus, w is another point of coincidence of S, T and U.

Therefore, by the uniqueness of point of coincidence, we must have w = z.

Hence, there exist unique point z € X suchthat Sz =Tz =Uz = z.

Thus, z is a unique common fixed point of self mappings S, T and U.

Similarly, if S(X)UT(X) is a complete subspace of X, then the self mappings S, T and U have a unique common
fixed point in X.
3.2. Example: Let X = {1/2, 1/3, 1/4, 1/5}, where E = R2andP = {(x, y): X, y >0} is a normal cone in E.
Define d: X x X — E as follows:
d(x, x)=6, forallxe X,

d(1/2, 1/3)=d(1/3, 1/2)=(3, 6),
d(1/2, 1U4)=d(1/4, 1/2)=d(1/3, 1/4)=d(1/4, 1/3)=(1, 2),

d(1/2, 1/5)=d(1/5, 1/2)=d(1/3, 1/5)=d(1/5, 1/3)=d (1/4, 1/5)=d(1/5, 1/4)=(2, 4).
Then (X, d) is a complete cone rectangular metric space.
Now we define the mappings S, T and U: X —X as follows:
S(x)=1/4, forallxe X

T( ) /4 if x#1/5
X) =
1/2  if x=1/5

and U (x) = x, forall x e X.
It is clear that, S(X) U T(X)< U(X) and (S, U) and (T, U) are weakly compatible. The inequalities (1), (2) and (3)
of Theorem 3.1 hold for 2 = 1/2 and 1/4 is a unique common fixed point of S, T and U.
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