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____________________________________________________________________________ 

ABSTRACT--- This paper is devoted for the study of a new generalization of M-series. Its various properties 

including differentiation, recurrence relation, Laplace transform, Beta transform, Mellin transform, Generalized 

hypergeometric series form, Mellin Barnes integral representationand its relationship with Fox's H-function and 

Wright hypergeometric function are investigated and established. The integral operator 
,

, ;m,n, ,p q w c

 


M containing the 

generalized M-Series  
,

, ;m,np q
M z
 

in the kernel is defined and studied namely its boundedness on  ,L a b . Also 

composition of Riemann – Liouville fractional integration and differentiation, and Hilfer's fractional derivative 

operator with 
,

, ;m,n, ,p q w c

 


M are established. 
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1. INTRODUCTION 

In 2008 the mathematicianManoj Sharma [14] introduced the M-series 

   1 1 ;, , ; , ,p q p qp qM a a b b z M z
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Where      , Re 0 ,,
k k

j jaz nd a b   are the Pochammer symbols. 

The series in (1.1) is defined when none of the parameters ; ; 1,2,...,jb s j q is a negative integer or zero, If any 

numerator parameter ja  is a negative integer or zero, then the series terminates to a polynomial of z . From the ratio 

test it is evident the series in (1.1) is convergent for all z if p q , also if 1p q   its convergent absolutely or 

conditionally when 1z  , and divergent if 1p q  . 

The series in (1.1) is a particular case of the H - function of Inayat – Hussain [3]. The M-series is interesting because the 

p qF - hypergeometric function and the Mittag – Leffler functions [1,11] follow as its particular cases, and these 

functions have recently found essential applications in solving problems in physics, engineering and applied sciences. 

Further extension of both Mittag – Leffler function and generalized hypergeometric function p qF  is called generalized 

M-series introduced and studied by Sharma and gain [15] where , 
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The series in (1.2) is convergent for all z if  Rep q   , also it is convergent for z     if  

 Rep q    and divergent if   Rep q   . 
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On the other hand many authors stated and proved interesting examples of the special functions of fractional calculus 

[6,9] (SF of FC), a notion that gained recently an important role in the theory of differentiation of arbitrary order and in 

the solution of fractional order differential equations. 

Salim and Faraj [11] defined a fractional integral operator  , ,

, , , ,

q

p w c
z 

    containing the generalized Mittag-Leffler 

function  , ,
, ,

q
p zE

 
   in its kernel , they studied that operator on  ,L a b space of Lebesgue measurable functions namely 

its boundedness. 

In continuation of studying special functions of fractional calculus Sharma and gain [15] gave representation of the 

generalized M-series  
,

,p q
M z
 

 with formulas of fractionalcalculus operators 

 

In this paper a new generalization of M-series introduced by the authors as, 

   
, ,
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where  , , , Re 0 ,z C and m n     are non-negative real number

 

(1.4) 

The conditions of convergence of the series (1.3) is discussed and established, also all possible special cases of the M-

series (1.3) are stated.Recurrence relations, Derivation formulas, Laplace transform, Beta transform, Mellin transform, 

MellinBarnes integral representation of  
,

, ;m,np q
M z
 

are established, also its relationship to Fox's H-function and 

Wrighthypergeometric function is  under concentration. 
 

The integral operator defined by 
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containing the generalized M-series (1.3) in its kernel is investigated and its boundedness is proved under certain 

conditions. 

 

Theorems of composition of fractional calculus operators, 
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and 

       Re 1

s
s

c c

d
D x I x s

dx

    
 

      
   

(1.7) 

with integral operator defined in (1.5) are given and proved. 

 

As a matter of fact if 0, 1w m   and 1n  , then the integral operator (1.5) corresponds essentially to the Riemann-

Liouville fractional integral operator defined in(1.6). 

The generalized fractional derivative operator 
,u vD   known as Hilfer's derivative [2] is written as, 

          
1 11, v uv uu v

cc c

d
D x I I x

dx
  

  
  
   

(1.8) 

,u v

c
D   yields the classical Riemann-Liouville fractional derivative 

u

c
D   when 0v  , also if 1v   it reduces to Caputo 

fractional derivative. 

 
Throughout this paper, we need the following well-known facts and rules 

 

 Beta transform (Sneddon [17]) 

          
1

11

0

; , 1 Re 0, Re 0
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 Laplace transform (Sneddon [17]) 
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 L  (1.10) 

and 

 

1 1
; 0

n

n

t
s n

n s

  
  

  

L  (1.11) 

Mellin transform (Sneddon [17]) 
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  M  (1.12) 

and the inverse Mellin transform is given by 
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Wright generalized hypergeometric function (Srivaslava and Manocha [18]) 
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Fox's H-function (Kilbas and Saigo [4]) 
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 Generalized hypergeometric function (Rainville [10]) 
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 (1.16) 

 

Fubini's theorem (Dirichlet formula) [12] 
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 Caputo fractional derivative [12] 
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  ,L a b  Space of Lebesgue measurable function on  ,a b  
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Also we need the following relations [10] 
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2. BASIC PROPERTIES 

Some special cases of the generalized M-series  
,

, ;m,np q
M z
 

 are the following 

(i) When 1m n  , in (3.1) we get the generalized M-series introduced  by  Sharma  and   gain [15] 
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(ii) For 1m n   and 1   in (3.1) the result will be the M-series defined by Sharma [14] 
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(iii) The generalized  Mittag – Leffler function [11] introduced by Salim and Farajyields when 1p q   in(3.1) , For 

more result see also [11,16] 
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(iv) For 0, 1, 1p q n    and 1 1b  in (3.1) , the Wrighthypergeometric function  ; ,W z   [6] comes 
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(v) The generalized hypergeometric function ( )p qF z [8] when 1   and 1m n  , with arbitrary ,p q  we have 
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Theorem 2.1: 

 

The series in (1.3) in absolutely convergent for all values of z provided that  Repm qn   , moreover if 

 Repm qn   the series converges for z   
 Proof: 

Rewriting  
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which means that the  
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converges for all z provided that  Repm qn  

 
if  Repm qn   , then the series converges for z    and at the case of z    the series can converge on 

conditions depending on the parameter (see e.g. in [6]) 

 

Theorem 2.2: 

If the condition in (1.4) is satisfied, then 
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Theorem 2.3: 

If the condition (1.4) is satisfied, then for s   
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Theorem 2.4: 

If the condition (1.4) is satisfied, then 
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3. 
 

,

, ; ,p q m n
M z
 

IN TERMS OF OTHER FUNCTIONS 

In this section we write  
,

, ; ,p q m n
M z
 

 in terms of Wright generalized function, generalized hypergeometric function, Mellin 

Barnes integral and Fox's H-function. 
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Hence, we can write  
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 in terms of the Wright generalized functions 
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Let (1.4) be satisfied with s   , then  
,

, ; ,p q m n
M z
 

 can be written in terms of the generalized hypergeometric 
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Proof: 

Let s   , then 
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Now in order to write  
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 in terms of Fox's H-function, we first express  
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 as Mellin – Barnes type 

integral. 
 

Theorem 3.2: 

Let (1.4) be satisfied then  
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 is represented in the MellinBranes type integral as 
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Where  ag z  ; the contour of integration begins at the and ending at i  and intended to separate the poles of 
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The last equation is just a representation of  
,

, ; ,p q m n
M z
 

 in terms of Fox's H-function 

 

4. INTEGRAL TRANSFORMS OF
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In this section, the image of  
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 under Beta, Laplace and Mellin Barnes transforms will stated and proved in the 

following theorems. 
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Proof: 

     
1

, ,
11

, ; , , ; ,
0

; , 1
p q m n p q m n

B M xz z z M xz dz
   

   
 

  
 

  

   
     

 
1

1 11

10 0

1

k
pkm kkm

qk kn kn

a a x
z z dz

b b k

 

 


 




 

 
   

   
     

 
1

10

,

k
pkm km

qk kn kn

a a x
k

b b k
   

 






 

 
  

     
   

       

       

1 1

1 10

1

!,

k
q p

p qk

b b a km a km k k x

ka a b kn b kn k

  

    





          
 

         
  

     
   

       

       

11

2 2

1 1

1,1 , , , , , , ,
;

, , , , , , , ,

pq

p q

p q

a m a mb b
x

a a b n b n

 

    
 

   
  
   
 

 

 

Theorem 4.2: (Laplace transform) 
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Theorem 4.3: (Mellin transform) 
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now applying Mellin transform to both sides , we get 
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5. FRACTIONAL CALCULUS GENERATING M-SERIES 
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Theorem 5.2: 

If the condition of theorem 5.1 is satisfied, then 
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Now we can get a similar result concerning the composition of Hilffer's fractional derivative with (1.3) contained in 
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6. INTEGRAL OPERATOR WITH GENERALIZED M-SERIES IN THE KERNEL 

Consider the integral operator defined in (1.5) containing  
,

, ;m,np q
M z
 

 in the kernel. First of all we will prove the operator 
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Theorem 6.1: 
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First of all, let kc denote the thk  term of (45), then 
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finite under the given condition. 

Now according to (1.5) and (1.17) 

      
, ,

1

, ;m,n, ;m,n, ,
1

b x

p qp q w c
c c

x t M w x t t dt dx
   

 
 




 
   
 
 
 M  

      
,

1

, ;m,n

b b

p q
c t

x t M w x t dx t dt
 

 



 
   
 
 
   

and by putting u x t   

     
,

Re 1

, ;m,n
0

b b t

p q
c

u M wu du t dt
 

  




 
 
 
 
   

     
,

Re 1

, ;m,n
0

b b a

p q
c

u M wu du t dt
 

  




 
 
 
 
   

but we have 

   
   

     

   
, 1Re 1 Re Re 1

, ;m,n
00 1 0

nb a b a
pkm nkm

p q
k qkn kn

a a w
u M wu du u du

b b k

 
   

 

 
  



 
 

   

so that 

   
       

         

Re

1
Re

0 1

...

... Re Re

k

pkm km

k qkn kn

a a w b a

b a
b b k k






   







 
  

  

Hence 

 
,

1
, ;m,n, ,

1

b

p q w c
a

t dt
 

    


 M  

Another result stated an proved in the next corollary. 
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Setting  t c y x c   , we get 
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7. COMPOSITION OF FRACTIONAL CALCULUS OPERATORS AND INTEGRAL 

OPERATORS WITH GENERALIZED M-SERIS IN THE KERNEL 

 

We consider now the composition of Riemann – Liouville  fractional integration and differentiation operators 
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Similarly, we can prove the other side. 

 

Theorem 7.2: 

If the condition of theorem 7.1 be satisfied, then 
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Since the integral is continuous, using (1.18) yields. 
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Theorem 7.3: 
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also from (1.8) we have 
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